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M2 Introduction

Introduction

This report summarizes all the knowledge I had the chance to learn during my internship in Lille, with Ciprian
Tudor, during the spring 2022. C. Tudor is known for its breakthroughs about Malliavin calculus combined with
Stein’s method. Before introducing the subject, I would like to thank him, and his PhD students Charles-Phillipe
Diez and Julie Gamain for their mathematical, and human interactions I had with them.

This report contains two parts. The first one introduce the notion of Malliavin derivative, used by the French
mathematician Paul Malliavin (1925 - 2010). He used it for studying the regularities of the law of stochastic
(partial) differential equations, and applications for mathematical finance. The second part is about Stein’s method,
introduced by Charles Stein (1920 - 2016) in 1972. The main goal of this method is to give smooth conditions to
prove a central limit theorem.

The main idea of this report is to know how to mix those two notions to have conditions to have central limit
theorems, better than simply using Stein’s method. This idea came from Nourdin and Peccati, and this report is
very inspired by their book, Normal approximations with Malliavin calculus, published in 2012. Our aim is the very
last theorem of this report, Breuer-Major theorem.

The logic of this report is the following one. The Malliavin calculus, which is very inspired by the notion
of Gateaux derivative on general Hilbert space, is about differentiating some random variables with respect to the
chance w. The difficulty is to differentiate on general probability space (€2, F,P), since we do not have any topological
structure on it. Here comes the Gateaux derivative. A map on two real Hilbert spaces is Gateaux differentiable in
a point of the Hilbert space if it is in the real differential calculus sense, in every direction. To deal with Hilbert
space with our case of random variables, we introduce the notion of isonormal Gaussian process, which send every
element of a set real separable Hilbert space into the set of centered Gaussian random variables. Inspired by the
Gateaux derivative, we can define the notion of derivative with the help of those process. We generalize it by taking
the closure of a family of polynomials taken in the isonormal process, which yields to the notion of Wiener chaos
(named after Norbert Wiener, 1896-1964).

We begin the first part by an example in the case where (2, F,P) is the space (R, B(R),), where ~ is the
standard Gaussian measure on R. We will refer it as "the one dimensional case". We will see with it why the
polynomial family we will use is the Hermite polynomials. Then, we will define in general case what is the derivative
in a Malliavin sense. We will introduce its adjoint, the divergence operator (in the sense of the operator theory), and
we will show that this operator extends the notion of It6’s stochastic integral. Those notions will be linked by the
notion of Ornstein-Ulhenbeck semi group, which appears naturally when we want to study the law of the solution
of some stochastic differential equations. The interpretation of the notions using this semi group is a good key for
solving some computations, as we will see in the last section of this part by some applications. This semi-group
allows us to prove the Nelson’s hypercontractibity, stating that the LP convergence in a set Wiener chaos are all
equivalent. This part is greatly inspired by Ivan Nourdin and Giovanni Peccati and David Nualart, The Malliavin
calculus and its related topics, 1995.

The second part presents the Stein’s method. The idea is the following : we have a characterization with test
functions of the standard Gaussian law, that looks like the distribution theory and the variational representation
of some partial differential equations. Here, we want to have a quantitative information about how far a law is with
respect to a Gaussian measure. To do this, we introduce different distances on probability measure that respect the
law convergence. The Stein’s method consists of solving the Stein’s equation, and using it to have some bounds (we
refer it as Stein’s bound) on distances between a Gaussian law and a random variable. We will begin, like in part I,
by treating the so-called one dimensional case, when the random variables are real. We will (quickly) generalize it
in the multi dimensional case, when we deal with random vectors. We will mix it with some notions of Malliavin
calculus to prove one important and surprising theorem : the fourth moment theorem, stating that for a sequence
in a set Wiener chaos, the convergence in law of this sequence to a Gaussian measure is equivalent with convergence
of the expectation of the square and the fourth power of this sequence to the expectation of the Gaussian. This
theorem has a great consequence. The convergence in law of a vector of entries belonging to set Wiener chaos to a
Gaussian law is equivalent to the component by component one to a Gaussian law.

The second part concludes with an application of those two parts and can be seen as a synthesis of this report,
the Breuer-Major theorem. This one states that a function of centered stationary Gaussian process, integrable with
respect to the standard Gaussian measure, satisfies a central limit theorem if the covariance function at a certain
power (depending on the function) is summable.
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I One dimensional case

We consider the density measure v on (R, B(R)) defined by

def. 1 2

dy(z) = e da.

V2r
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1.1 Derivative operator

Definition 1.1

VpeN,In e N, 4C' >

We note S the set of all smooth functions.

0,Vz € R,

We call smooth functions all function f : R — R which are C'*° such that :

FP(@)| < Claf®

We will generalize this in next section with smooth functionals. To justify the relevance of those smooth functions,

let introduce the following lemma :

Let M be a subspace of LY(X, A, i), where p is a o-finite measure, and (X,.A4) is a measurable space, for
q € [1,+o0[. Let ¢’ €]1, 400, such that ?—i—% = 1. Then, M is dense in L?(u) if and only if for all g € L7 () :

{erM/f 2) du(z) = 0| = (g #0) =

Before beginning, we suppose known
the two following facts, the second one coming from Hahn-Banach
theorem :

Riesz duality theorem. The map

(L9 ()’
— R )
— [y f(@)g(2) du(z)
is an isometry for the norm associated with L9 and (L9)’. ~
If M is linear subspace of L(u) and fo € M, then fo € M
if and only if there is no T" € (L%(p))" such that 7}, = 0 and
T'(fo) # 0.
Suppose that we have this implication. Let fo € L9(u), and
make the assumption that there exists 7' € L9(u)’ such that 7}, =0

and T'fo # 0. Then, by the isometry J, there exists g € e (@) such
that

LY () —
Li(p)

J:*"H(f

Proposition 1.1 : Density of smooth functions

Vf € Li(u), Tf = /X fo du

By hypothesis, T}, = 0. By the implication, it follows that g = 0
p-almost everywhere, and so that 7' is the null form, which contradicts
the fact that T'fo # 0. Hence, there is no such T', and by ii., it follows
that fo € M, and so that M = L9(u).

Suppose that M is dense in L(p). Let g € Ld () such
that

erMTf"if/ fgdu=0
X

Let us show that g = 0. Since T' € (L%(u))’, ii. implies that for
all fo € M, Tfo =0, and since M is dense in L9(p), it follows that

T = 0. By the isometry J, since T' = J(g), we conclude that g =0
on L(u), hence g = 0 p-almost everywhere.

The set of monomial functions {# — z™,n € N} generates a dense subspace of L4(v), for all ¢ € [1,+o0].
In particular, the set S of smooth functions is dense in LI(R).

Proof : We use the lemma.
o We begin with the case where ¢ €]1,+o00[ and its conjugate

%—&- % =1 Letge LY () such that

Vn € N,/Rg(m)

We want to prove that g = 0 almost everywhere (in the sens of
Lebesgue measure). We will show that g = 0. We want to prove that
pour all £ e R :

: too
[ @ arw =3 %
n=0

To prove this switching between sum and integral, we have to
show that, when £ € R :

Jff/R ‘(Ixnﬁg(x)e%zz‘ dz < +o0
n=0

To prove it, we switch by Fubini-Tonelli theorem :

q' €]1, 400 cannot be infinite :

2™ dy(z) = 0.

[ s@a dr(a) =0
JR

('xf

glx)e = T

dx—/|g a:)|e|z§|e 2 dz*

And we use the Holder inequality :

2
7‘ dx

And as a consequence, we have shown that § = 0, so g = 0
almost everywhere. The generated set of monomials is then dense in
L4(~), and since this space is included in S, it follows that S is dense
in L(v), for all ¢ > 1.

o The case ¢ = 1 is almost the same. Let g € L°° (). We use the
Fourier transform to show that g = 0 almost everywhere. The only
thing that changes is how we justify the switching, which is easier
since :

m:f)"

2
<VZrligllpa(s) /Re‘““’g'eT dz.
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which is finite. a

H n 2 —z2
(i) g(x)eT\ o < ol [ e o
n! R

“+oo

>

n=0
Remind the definition of a closable operator, and let us use it for the derivative operator.

Proposition 1.2 : Closable operator

~

Let (A, D(A)) an operator with domain D(A), that is a linear map A : D(A) — F defined on a subspace
D(A) of a Banach space F into a Banach space F. Then, the following propositions are equivalents :

(i) There is an operator (B, D(B)) such that D(A) C D(B), B|D(A) = A and D(B) is closed in E;
(ii) If T(A) =4 {(f,Af),f € D(A)} C E x F, then there exists an operator (B, D(B)) such that I'(4) =
I'(B), where the closure is taken for the product norm of E x F';
(iii) For all (fu)n € D(A)N such that (f,), converges in E to 0 and (Af,), converges in F to g then g = 0.

In this case, we say that A is closable, and we note B = A the closure of A.

Definition 1.2

We consider the derivative operator (D,S) on Li(~) defined by

VfeS,Df=f €8 cLi(y).
We note DP the p-th iteration of D on S.

Proposition 1.3 : Extension of the derivative operator

For all p € N*, the operator (DP,S) is closable in L2(7).

In the following, we will still note D the extension of (D, S).

Proof : We will use the sequence characterization of the propo- Since S is dense in L9(y), that would implies that 7 = 0 almost
sition 1.2.. Let first make a observation. everywhere, by the lemme 1.1, so n = 0 in L9(7).
o First, we will observe that for f € S : To show the integral equality, we proceed by integration by parts.

We observe indeed that
[ 7@ dr@) = [ of@ dr(a),
R R

Since f is C'®°, an integration by parts can conclude this equality. / f?’(Lp)(x)g(‘r) dy(z) = / fv(zpil)(x)[dg] (z) dy(z).
We wrote for f € S : E R

By induction, we conclude that
déf.

[6f)(z) = f'(x) — zf (). -
Then § sends S to itself and satisfies /an (z)g(z) dvy(z) = /an(a:) [67g](x) dvy(z).

Moreover, by Hélder inequality :

Vf e S,/R[éf](x) dvy(z) = 0.

* N
o Let p € N* and (fn)n € 8" such that ‘/an(x)[épg](x) dy(@)| < fnllpa) 1679l Lot (s P 0,
/]R [fn ()" dy(z) m 0 since 67g € S C L9 (7). Finally, by continuity of the map
and such that there is n € L9(~) satisfying : J Li(y) —» R
® a ' ( fo—= R f@)g(2) dy(z) )’
/ ’fnp () =n(z)| dy(@) ——0 we have :
JR n——+oo
Let us prove that n = 0. To do that, we show that for every
ges: [ (@)@ dr(x) = tim_fu(@)g(z) dr@) = 0.
R n—+o0o
/Rn(m)g(w) dy(z) =0 That proves that n = 0, hence (DP,S) is closable in Li(y). [

By this proposition, we can write DP f = f() for every f € LI(y) and p € N*, as follows : since S is dense into
L4(v), we can consider a sequence (f,), € SN converging to f in L(v). We can by consequence write
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déf.

DPf = lim DWf,,

n——+o0o

where the limit is taken in L9(y). That being said, we can enter the subject by defining the space D.

Definition 1.3 ™\
Let p € N and g € [1, +00[. We denote by D?:? the closure of S the following norm :

] = Bkl o]

where () is taken in the sens of D f, defined previously. We also note

VF € L), | Fllpne [Z | #®)
k=0

’ +OO
poo-a % ﬂ DP:a
p=1

We check that the last definition is correct by observing that DPT14 C DP9,
An element f € Li(y) belongs to DP? if and only if there exists a sequence (f,), of elements of S such that

vi e 0.1, [ [109@) - f9 @) drte) 0

n—-+o0o

if and only if, since D is closed :

/ | fn (2 z)|? dy(x) = 0 and V& € [1, p], (f,’f)n is a Cauchy sequence.

Definition 1.4

Let p € N and ¢ € [1, 4+o0[. Then, the operator (DP, D7) on (Lq(fy), ||-||Lq(y)> is called the p-th derivation
operator.

A consequence of the closability of DP is the following.

Proposition 1.4 : Domain of the derivative operator
The set DP»? is the domain of the closed operator DP on L4(v). w

1.2 Case of square integrability

Proposition 1.5 : Divergence

Let

D% {g € I2(y),3C > 0,Vf € S,

/ £P (2)g(x) dy(z)
R

For all g € D, there exists an unique element 6?g € L?(y) such that

VfeSs, /R FP(@)g(x) dy(x) = /R f(@)[67)(z) dv(z)

We call the operator (8, D) the p-th divergence operator.

<Ol |-

Proof : Let g € D. Then, by hypothesis, is continuous for ”'”LQ('Y)' By consequence, we can extend it to
s R L?(v), and apply Riesz representation theorem. O
( o= Jg P (2)g(z) dr(x) )

6 Jérémy ZURCHER
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The map
< (S llpr2) — R )
f — Jp9(@) [P (2) dr(x)

is continuous, hence the equality defining D(67) the same as the equality with f € DP:2. The set S is included
in D(6P). By the same continuity, it follow that DP-?2 C D(6P).

Definition 1.5 >\
For all f € S, we note P; the Ornstein-Uhlenbeck operator defined by :
YVt > 0,Vz € R, [P f](z) e /Rf (e_tx +v1-— e—Qty> dy(y).
An interesting interpretation of P; is the following : if N ~ A/(0,1), then
[P.f](z) = E {f (e*tx + mN)] .
Proposition 1.6 : Ornstein-Ulenbeck properties \

(i) For all f € L'(v) and for all 5,t >0, Piysf = PiP.f;
(ii) For all f € Li(v), for all t > 0,

1P f Nl agyy < NN zagyy-

In other words, P; is a contraction of L%(7).
(iii) For all f € D2, ¢ >0, P, € D2 with

D.Ptf = e_tPth

Proof : (i) Let s,t > 0. Then Then,

[P Ps fl(z) = /R/R f(e_(s+t)$ E [exp (iu [Ye’s\/l —e 2t 4 Z\/l - 6—25] )}
+ ye’s\/l —e—2t 4 z\/l _ e—zs) I <—u2 (1 — C*Q(HS)) ) ‘

dy(2) dy(y). 2
Hence, if Y, Z ~ N(0, 1) are independents, then We can conclude that :
1
o (st _— [Y(fS 1l—e 2t 47 1—6_2S] ~ N(0,1).
[P:Ps f](z) = E |:f (e Stgx — o2(tre) \/ \/ (0,1)
+ YE_S\/l —e 2t 4 Z\/1 - 6725)]- If N ~ N(0,1), this means for P;Ps that :
We can compute the characteristic function, by independence :
[PiPsf](z) =E {f (e_(s+t)x +11-= 6_2(t+S)N):| .
E |exp [ iu [Ye_s\/l —e 2t 4 Z\/l — 3*25] )} Finally, we obtain our semi group relation :

= E |exp|iuYe ®y/1—e 2t } . [P Ps f1(z) = Piysf ().
(ii) Let f € S. By Jensen inequality :
E |exp [iuZ/1 — 6—25>] .
And since Y, Z ~ N(0,1) : / E f(eitx—ﬁ-\/l—e—th)
R

E [exp (iu [ye—s \/1 —e—2t 4 Z\/l _ 8725] )} < /R]E [ f (e—tcc +4/1— ef2tN> q} ()

Let X ~ N(0,1) independent of N. Then :
—u2e—2s (1 _ e—2t) (0,1)
= exp 2 .

/ E _f (eftm—k MN) ’q dvy(x)

exp —u2(1—e_25) R . _ e
— = /- < E[|f(etX+Vi-e 2tN)H
7 Jérémy ZURCHER
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We can once again compute the characteristic function of what is where Z ~ N(0,1). That is :
inside the expectation, by using independence, the expression of the
characteristic function of a Gaussian random variable, and the transfer
theorem.

1Pef gy < Il paey-

Since both size are well-defined for f € Li(«), and by the conti-
nuity we just checked on the dense space S, we conclude that the
E [exp (iu (e’tX +4/1— 6—2tN)):| inequality remains true on L9(v).
(iii) By contraction property of Py, if f € D12, then Py f € D12,
_u2e—2t —u? (1 — e*2t) Let us show the relation between D and P:. By continuity of P, it is
exp <2> €exp - 9 sufficient to check this for f € S, where we can freely switch integrals
and derivatives. We have :

So,

E [exp (iu (e*tX + \/mjv))} — e [DP: fl(@) = eft/Rf' (ftx + \/my) d(y).

and e7tX + 1 — e 2tN ~ N(0,1). Finally : Se,

_ , [DP: f)(z) = e~"[P.f')(2) = e [PDf](x).
/ ’HE [f (e_tz +/1- e—QtN>] ’ dy(z) This equality stays true by continuity for all f € D12,
R
< Elf @) .

We can see (P;); as a semi-group associated with a stochastic process.

Proposition 1.7 : Ornstein-Uhlenbeck stochastic process ™

Let (X[): the stochastic process defined by the solution of the following stochastic differential equation starting
from Xg =z :

dX; =2 dB; — X, dt
Hence, for all f € S :

vz € R, [P f](z) = E[f (X7)].

Proof : e Let us write the explicit solution of this SDE. If we Let us show that
remove the Brownian part, then the solution would be X; = e tXp.
We consider as a consequence

def. V2 ¢
A = \/27/ e~ (=) 4B,
ft,a)  ete t=emJo

. def. is a Brownian motion. To do so, we use the Lévy characterisation
and we apply the Itd formula to Y; =" f(¢, X¢).

theorem. In other words, we compute (A, A); :

dY: = et X, dt + et dX;.

—2t gt
We substitute by using the SDE that X; solves : (A, A)y = %/ e?s ds.
—e2t Jg

dY: = e’ Xy dt + v2e' dB; — e’ Xy dt. It yields to :
That is

dY; = V2etdB, (A, A)y =t

meaning that : Since the process A is continuous, we conclude that A is a Brow-
nian motion. So A; ~ N(0,t), and so

t
Yt:Y0+¢§/ e® dBs
0

. . \/5 k —(t—s)
And then, we finally have, since Yy = Xj : T ./o e dBs ~ N(0,1).
t
X, =etXo+ \/5/ e~ (t=%) 4B, If N ~N(0,1) we get :

0
o Let f € S. Then, for all x € R,

E[f(X7)] =E [f (etas—l— mzv)} _

t
)] = e‘x e=(t=9) .
IE[f(Xt)]—lE[f<t +\/5/0 ‘ st> SoE [/ (X7)] = [Pf)(=). -

Since (P;);, we can associate it an infinitesimal generator L.

8 Jérémy ZURCHER
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Proposition 1.8 : Infinitesimal generator

Let (L, D(L)) the infinitesimal generator of P, on L?(7), that is the unbounded operator defined on

def Pi—f |
D(L) = {f € L*(v) |3g €L2(7)7/ ——— 9| & —>0},
R t—0+
by
Lf = lim My
t—0+ t

where the limit takes place in L?(y). Then S C D(L). Moreover, for all f € S,

Lf = —6Df

Proof : e Let f € S. Let us show that f € D(L), that is P”:;f

admits a limit when [t — 0] in L2(v). Consider first the simple conver-
gence, taking a look at the derivative with respect to ¢ of P f. Since
f € S, we can switch derivative and integral :

d
I [P f] ()

= e '2[PDf)()
—2t

+ < I’ (e’tx +v1- e—”y) y dvy(y).

m R
And we integrate by parts, knowing that "y dvy(y)" becomes
"dy(y)" with a derivative on f :

S 1P @
= —e'z[PDf)(x)

N e_Qt/Rf,, (e—tz+My> dv(y).

Finally :

S [Pf) @) = et [PDS) (@) + e [PD2f] (@),

Proposition 1.9 : Heisenberg relation of D ans §

We have [D, 6] = ids. By induction :

But, we also have for all g € D(L) :

d
Lg= —I[P,
g9 dt[ 9] o

Hence, we would have :

[Lfl(z) = —2f'(z) + f" ()

So, to prove that f € D(L), we just need to conclude by domi-
nated convergence. Indeed, since f € S, we consider k such that f
and all its derivative are bounded by O(|z|*) at +oc0. Then, by mean
value theorem, we have the existence of a constant C such that

V1—e32t

t

P — 1—et
’t—flg ° |zl+C
t t
Then, we have :
P —
’tTf’<|z|+c\/§.

Hence, we proved the convergence in L2(y). This proved that
S C D(L) and the expected equality, since Lf = —§f' = —6Df. [

Vp € N",Vf € S,[D, &%) f = ps?~' f

Proof : It is a straightforward computation. If f € S,

(6, DIf = of" — Déf,
with §f(z) = zf(x) — f'(z). Hence,

Déf(z) = af'(z) + f(z) — f"(x)

And so

6, D] (z) = zf'(z) — [ (2) — =f () — f(x) + [ (2) = —f ().

O

The following corollary will show us a new way to use P; thanks to those relations.

Corollary 1.1 : A relation with P,

Let f € S. Then, for all x € R,

+o0 +oo
/ e 2 [Pf"] (x) dt — x/ e [P f] (x) dt = f(z) —
0 0

f(y) dv(y).

R
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Proof : Recall that if f €S :

a=—[r d
551(@) = f'(2) — 2f(a). =/ wRy@ .

We use the relation DP; = et P; D to the left hand side of the And by property of infinitesimal generator, LP; = dd%' so good
wanted equality, we call it A : as :
+oo +oo too 4P,
A"éf-/ 2 [Pif] () dt—x/ et [P f'] () dt. A= f/ 4P 0y at.
0 0 0 dt
Then By dominated convergence,
“+oo
A:/ ([D*Pif] (z) — = [DPif] () dt. Poo f () =/Rf(y) dy(y).
0
We recover § : We finally get what we want :
“+oo
A= [pRis@ . A= Pof(e) = Poof(@) = £(a) = [ $) dr(o).
0
Since L = —40D, we get : O

1.3 Hermite polynomials

Definition 1.6

Let p € N. We define the p-th Hermite polynomial as Hy =1 if p=0 and for p > 1 :

H, < o1,

where 1 = 1y is the constant function equal to 1. We make the convention that H_; = 0 is the null polynomial.

Consequently, we define H,, as the unique function of L?(v) such that

vg € DP?, / Hy(x)g(z) dr(z) = / dP(z) dy(a).

Here are the fundamental properties of the Hermite polynomials, beginning by the fact that H), is indeed a
polynomial function by using a induction relation.

Proposition 1.10 : Recurrent relation for H,

Foranyp>0andt>0:

(i) Hp =pHp_1;

(i) Hyi1 (&) = 2Hy (@) — pH, 1 (@)
(iii) LH, = —pH,;

(iv) P.H, = e P'H,,.

Proof : (i) We use the Heisenberg relation for D and ¢ : by using (i).

L (iii) We have L = —6D so :
DH, = D61 = 6PD1 + péP~ 1.
So,
LH, =0DHy, = pdHp_1 = pHp.
H‘{7 =pH, 1.

We conclude that H), is indeed a polynomial by this relation.
(ii) Let us see that Hp41 = Hp, meaning that, with the defini-
tion of 4 : y'(t) = PLHy(x) = —pP Hp(z) = —py(t)

(iv) Let us define y(t) = Py Hp(x). We have y(0) = Hp(z) and

Hpi1(z) = xHp(x) — Hy(z) = xHp(z) — pHp—1(z) so y(t) = e Ply(0), meaning that P,Hp, = e P H,. O

We can claim that H, as the same parity as p, we can prove it by induction and using (ii).
Here’s an important property that justifies the use of those polynomials.
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Proposition 1.11 : Hilbert basis of L?(7)

Nz

The family {LHp,p € N} generates an orthonormal basis of L?(7), in the sens of Hilbert space.

Proof : 1. We begin by checking that (Hp)p is an orthogonal

family. This a consequence from the following recurrent relation : for / Hy(z) dy(z) = / 5" 1(z) dy(z) = 0
peNandreN: R R

Then, if we suppose the property true for p > 0, we use the rela-
tion to prove it at the rank p + 1. That concludes the induction, we
/ Hp(2)Hptr(z) dy(z) = (p + 7")/ Hp—1(2)H(p—1)4+r(®) d7(2)-  have shown that (H,), is a orthonormal family.
R R 2
3. Let us compute [, Hp(x)? dy(z). To do that, we use the same

This relation is true by using the fact that H, = 671 : recurrent relation. For p = 0, we have

[ @ (@) 9(0) = [ 58,210 s () (o) [ Ho@? dra) = 1.
By definition of ¢ : Then, forp > 1,

[ Ho(a av(@) =p [ Hyo1(2)? o)
R R

[ Ho@)yir (@) @) = [ Hypor(0)18}, (@) o)
R R Finally, we obtain that

And by the expression of the derivative of H), given by (i), we

finally have : 1yl 120y = /2!
And so (H—p'> is an orthonormal family of L2(v).
/ Hp(z)Hpyr(z) dy(z) = (P-H“)/ Hp—1(2)H(p—1)4-(2) dy(z). v/,
R R 4. It remains to show that the family is total. By (ii), we can show
2. Let us prove by induction on p > 0 that that Hp, is polynomial whose degree is p. Hence, the subspace spanned

by the H), is the same the one spanned by the monomials. The pro-
V> L, [ Hy@) 0 (@) do(@) = 0
R

For p = 0, we check that the family (Hp), generates a dense subspace of L2(7). O

position 1.1 shows that this subspace is dense in L2(7). Consequently,

We can decompose any function L? in this basis. The following proposition is more specific about D°? functions.

Proposition 1.12 : Decomposition of elements of D>2

Let f € D>2. Then,

; =§ (i [ 1@ aw) &,

where the convergence of the series takes place in L%(7).

Proof : Since the family (\%Hp) is a orthonormal basis, we where the convergence is in L2(7). Since f € D2, then for all
! .
peN:
obtain the following decomposition for all f € L?(7) :
=0 [ 1@, 610 = [ 120) drta),
1= (5 [ @@ @) m,
p=0 P Jr We obtain the wanted decomposition. O

An another way to express it uses the expectation of each derivative of f. More precisely, if N ~ A (0,1) then
in L2(y) :

Corollary 1.2 : Exponential formula and Rodrigues formula

1. If ¢ > 0 then we have in L?(y) :

11 Jérémy ZURCHER
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Proof : 1. We use the decomposition of the previous proposition 2. We use the previous reduction of the trinomial
for f(x) = e“*
2
eczi% = e%ei(a:;(:)

+
ecx*fﬁ e“” dy(z) ) H,
= ! e 24 p-
p=0

We just have to compute this integral to conclude. To do this, we

We expend in power series the second exponential term around c.

just use the canonical form of the trinomial : R foo (—e)p aP .2
601‘—%: E e% 7|:e 2 j|
x? (x—¢c)? ¢ p!  dzP
— —ccr=— - —. p=0
2 2 2
We get : By unicity of the expend in power series around ¢ (equality in L?
.2 implies equality almost everywhere), we conclude that almost everyw-
/ eCdy(z)=e2 here
R
And finally :
» 22 dP —a2
Hy(z) =(—1)Pe2 — |e 2
L= o(@) = (-1pe’ o [
eTT T = E —'Hp.
p=0 b equality remaining true by continuity of both sides. O

We can deduce an another relation between Hermite polynomials thanks to those relations.

Corollary 1.3 : A new relation between Hermite polynomials

For all p,j € N :

Proof : This proof is quite technical and only comes from the

expansion : /Rprcherijk dy =0,
+oo H

- () =S

HpHpy Z {/R (HpHp+ ;) d’Y} S

5=0 /Hg_k dvy = (p— k)
We compute the integral thanks to the Leibniz formula : R

except if 2k = s — j. In this case, we have

Hence, we have the following heavy expression of the expansion

) _N" (5 ) R of HypHpsj
j— s—
(HpHp;)™ = Z (k)Hp Hp+j :
k=0 HpHp
By iterating the equality HI’, = pH, 1, we have for all p,k € N : too R P! (p+ ) j—s
= . ‘ - — !
| Z (s=s) i) ,j;s'(p 2)'
W Py —~ 5 (p= ) (p— )
P (p— k) PoRTtRsPE s—jeaN "
Hence, we have the followi ion of the s-th derivative of ‘1 g
HpHpT;e: we have the following expression of the s erivative o {S_(p+j)<TJ<p} o
One of the (p - j;s)! simplifies. We do the change 2r = s — j
(HpHerj)(S) to clear the expression.
S
! N
D D e — HyHyss
P K (p—k)!(p+j—s+k) +oo ot \p 4 )1
= _ r+7y  pllp+7)
Hp—Hptj—s+k1{k<pyn{s—k<p+i}- = Z ( , )7@ F2r)i(p — 1)
r=0

By orthogonality of the family (Hp)p, we have Aor—p<r<pt Hjgor.
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But, 2r — p < 7 if and only if » < p. So, we have here the By arranging :
expression : ) ) )
(2r+J) pllp+4)! (p) (p+ )
- j j G+2r)lp—r) ()
P 2r + 4 pl(p+7)! - r j+2r)(p—r)! r’ (r+j)!
pHpts = Z ( r ) G+2r)l(p—ry T2 So, we have
r=0
And we are done : we have i
o p+J
HyHpyj = Z(P - T)'(r) (p _ )HJ+27‘
(2r+j) pllo+4)!  _ (@r+4)lp+9)! =0 .
r G+2n)i(p—r)! = r2r + )+ )ip— 1) We conclude by setting the variable change r < p — r. O
We can explicit the expansion of H,,.
Corollary 1.4 : Expansion of the Hermite polynomials
Forallpe Nand x e R :
p—2k
Z kl — Qk |2k9’j
Proof : We use the relation Hz/) = pHp_1 and we proceed by By unicity of this expansion, we finally have that H,(0) =0 if p
induction. But, first, we need to compute Hj(0). To do this, we use is odd, and if p = 2r is even, then
the exponential formula, applied in z =0 :
P
(=1=
.2 +o0 P Hy,(0) = ATk
ez = —'Hp(()) 22\2)
p=0 v Hence, we got this recurrent expression for Hy, :
We expend in power series this function :
T
o = e Hy(w) = p /O Hy—1(y) dy + Hy(0).
e = —_—
27! We conclude by induction. g

r=0

1.4 Applications

I1.4.1 Variance expansions

Proposition 1.13 : Variance expansion

Let N ~ N(0,1).

1. Let f € D°>2. We have the following expansion for the variance of f(N) :

Var(f(N)) = 3 —E [/ )]

2. Let feS. If

n! n—-+00

then we have the following expansion for the variance of f(N) :

Var(f 2’0

n=

n+1

E [f™(@)?].

—

Proof : 1. We have the following decomposition for f in L?(v) :

 E [f® (@)
-y [p! Iy

p=0 p o IRECECEVEDS

By consequence, their L2(y) norm are equals, which gives :

—+o0

p=0

E [f® (V)]

p!

Hp(z) | dy().

13
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Since (5‘%) is a orthonormal basis of L2(), we can use the
P/

Pythagoras theorem :

/f(z dy(a /Z

The content inside the integral does not longer depends on . We
have consequently obtain the wished expansion :

]2+Z

2. We have chosen f € S. The |dea is to represent the variance
as an increment of a function g depending of P, using the facts that
Pyof = f and Px f = E[f(N)]. Here's the plan : we introduce for all

def.

t€]o,1]:
o022 ([rogar] )]

a. We calculate first all the derivatives of g :

g(p)(t) —F |:(|:Plx21(t)f(p):| (N)>2:| .

b. Then, we use the Taylor formula with integral reminder to show
that we have the expansion around 1 :

<X (Z1)pg®)
o)) — g(0) = - Y VD)

p=1

where we have extended all the derivatives of g to [0, 1]. This ex-
tension gives that Var(f(N)) = g(1)—g(0) and allows us to conclude.

Here we go. A little word on g : the logarithm will be useful for
the relation DP; = e~ tP; D, the "%" to balance the square inside the
expectation, and the "—" to consider g on a finite interval |0, 1], on
which we could extend g on a segment [0, 1]. Let’s go with the proof.

a. Since f € S, we can freely interchange expectations and deri-
vatives. Doing this, we got (derivative of different compositions, the
square, the P; operator whose derivative is L) :

f(p>(N Elfman) dy(z)

2

E [f(N)?] =E[f(N

o0~ 222 (g s00) (1P 10)].

t

We use the previous propositions to conclude. Since L = —§D,
we have :

710 33 (g 109) (307 19)].

By definition of § as the adjoint of the derivative :

g'(t) = %E [(DP in(t) f(N))T .

By using DP; = e 'P:D :

0= ()’ (rogaron) ]

We finally have :

J(t)=E |:<P1121(t)f,(N))2:| .

We have by replacing f by f(P) the same expression for all the
derivatives of g.
b. By definition of P, we have

9(1) =E [Rof(N)?] =E [f(N)?].

Moreover by dominated convergence, we have

9(t) —— E [P f(N)?] = E[f(N)]2.
t—0t

We can extend g by continuity on [0, 1] by those two little compu-
tations. We can do the same for all the derivatives of g, since all the
f® belongs to S. We can as a consequence use the Taylor formula
with integral reminder on [0, 1] :

1)+Z( el [ gt ar

Let us show that the integral goes to 0 as [N — +o0]. To do this,
we use the contraction property of P; :

0< g M) <E[fHD(V)?] .

Hence, by integration, we get :

14N (N41) 14N (o41) )
2N+ i p+
0</0 N!g (t) dt < /0 N dt E[f (V) ]

That is :

E [f(p+1)(N)2}

"1 tN
Og/ — gty at <
H N!

Finally, the integral goes to 0, and we get :
—+oo
_ (=1PgP (1)
s -9 == —7
p=1
In terms of probabilistic objects, it means that
+oo
—1)p+1
var(#(V)) = BV B2 = 3 E g [po ).
P
p=

Note : We can find 1. by this proof, with the same Taylor expan-
sion, but around 0 this time :

RGeS
0=y :!(0),
p=1

which is exactly what we want :

X E|[f® (N 2
Var(F(N) =) Bl

p!
p=1
Warning, to prove that the integral remainder goes to 0, this proof
E[5 (v)?]
uses the hypothesis of the convergence of ——————= to 0, hypo-
thesis we don't make to prove 1.. O

We can show a third expansion by using the same argument as this proof.

14
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Corollary 1.5 : A third expansion of the variance

Let N ~ AN(0,1) and f € D°>2. We suppose that

E [/ @)’]

2nn)

Then we have the following expansion :

n—+o00

1
Var(f() = 3 gy (E[F0@0] + (B [0 av2) )
n=1 G
Proof : Let us introduce g as the previous proof. Then, by a Taylor Since
formula with integral reminder around % we got for all n € N* : L
/1 a-y" dt*/iﬂdt
1 n! 0 n!

)

(n+1) n
g QL
2P p!

n!

s (3

2

1

2
+/
0

By the computation of g(") made on the previous proof, we have
the following estimation for the integral :
E [f(n+1)]

1
0< / ’ <
0 2n+1 (’I’L + 1)'
Which converges to 0 when [n — +00]. We do the same expend,
but this time at 1 :

1
-,

2

):g<o>+i

p=1

g th (e

n!

g (- 1)
n!

179 (1)
2Pp!

dt.

s(3) Y C

5 —
1.4.2 Poincaré inequalities

2
So, we also have the convergence to 0 of this integral. We finally
have the two expansions :

= g®(0 f (—1)Pg(P)(1)
orpl 2rp! ’
p=0
We subtract to have g(l) —g(0) = Var(f(N)) :
® (0 (=1)Ptig(®)(1)
g g
Var(f Z 2ppl 2pp! :

By the expression of g(p) in terms of f(P)  this is exactly the

claimed equality. 0

We present here two Poincaré inequalities, here’s the one in the first order.

Proposition 1.14 : First order Poincaré inequality

Let N ~ N(0,1) and f € D12, Then,

Var(f(N)) < E [f'(N)?]

Proof : By continuity with the norm associated with D'+2, we just
have to check this relation for f € S. By definition of the variance :

Var(f(N)) = E [£(N)?] — E[F(N)]2.

We write it as an expectation of a product.
Var(f(N)) = E[f(N) (f(N) = E[f(N)]]-

And we notice that Py f = f and P f = E[f(N)], by dominated
convergence. Then, we have :

Var(f(N)) = E[f(N) (Pof(N

And we write this as in integral :

) = Poo f(N))].

)dt]

We switch integral and expectation (possible since f € S) :

dPtf

Var(f(N)) = ~E {f(N) /

dP; f

+oo
var(f(v)) = - [ =

dPif _
de

E |7(V)

LP.f :

(N)] dt.

By the relation

+oo
Var(f(N)) = — /0 E[f(N)LP, fI(V)] dt.

By the expression of L proved in proposition 1.7 :

+oo
Var(f(N)) = /O E[f(N)[6DP, f](N)] dt.

By the expression of D P; proved in proposition 1.5 :

—+o0
Var(f(N)) = /0

By definition of § as the adjoint of the derivative :

e'E [f(N)[5P: f1(N)] dt

+oo
Var(F(N) = [ B[R]

By Cauchy-Schwarz :

+oo 1 N
Var(f(N)) < /O eftIE [fl(N)2] 2R [[Ptfl](N)2] 2 4t

By contraction property of (P;) :

15
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var(gv) <& [v?] [T et an Var(F(N)) <E [£/(N)2].

And we successfully proved that : O

This first order inequality means that if f’ is "small", then f(N) is concentrated around its mean. The second
order will precise how : if f” is small too, then f(INV) is quite close to a Gaussian distribution. Let us precise this.

Definition 1.7

Let F, N two integrable random variables. Then we introduce the distance between the laws of F' and N like
this : the Wasserstein distance is defined by

dw (F,N) < R |E[6(F)] — E[g(NV)],

where Lip(1) stands for the set of 1-Lipschitz functions on R.

This distance is still finite, since we have supposed F, N integrable.

Proposition 1.15 : Second order Poincaré inequality B

Let N ~ AN(0,1) and f € D?* (we recall that means that f is limit of elements of S for the norm
1
4 4 4 1 ;
(||-||L4(7) + 1D zay) + ‘|D2-HL4(7)) . Then, if we assume that E[f(N)] = 0 and E [f(N)?] = 1. Then,

1
1

w(N, f(V)) < —= (B [f'(W)*] - E [f"(N)*])

To prove it, we will use a main result about this distance, we will prove it in the second part, about the Stein’s
method.

[ Lemma 1.2 : Stein’s bound ]
Let N ~ N(0,1) and F' an integrable random variable. Then

dw (F,N) < sup |E[Fo(F)] —E[¢'(F)]|.
¢eclnup(\/§)

Proof : Here's the steps. Let ¢ € C! N Lip (%) and f € S. Since L = —§D, and by switching integral and expectation :
a. We interpret the first term with P; :

“+oo
E[f(N)o(f(N))] =/0 E[[6DPR]f(N)o(f(N))] dt.

“+oo
E[f(N)$(f(N))] =E [da'(f(zv))f’(zv) /0 R (N) dt} ' By definition of § -

b. We get the first inequality :

—+o0o
E[f(N)(f(N))] = / E [[DP]f(N)/(N)$' (f(N))] dt
|E[Fe(F)] - E [¢/ (F)]| 0

oo And by the relation DP; = e tP,D :
\/> Var f’ e tPf/(N) dt) .
“+oo

— —t ! ! /
c. Using the first order Poincaré inequality, the contraction pro- ELF (M (N)] = /0 cr [Ptf (M) (M) (f(N))] a

perty and classical inequalities, we conclude the estimation of the Finally, we switch again to have the following expression :
square root of this variance.

Let us begin the proof.

a. We use the usual trick about P;f, with Pof = f and E[f(N)d(f(N)] =E |:f’(N)¢/(f(N))/
Py f = E[f(N)]. Since E[f(N)] = 0, it gives here 0

“+ o0

e tP f'(N) dt:| .

b. By a., we can factorize by ¢'(f(IN)) in the computation of
E[f(N)o(f(N))] =E[(Pof(N) — Pso f(N)) ¢(f(N))] . what is inside the supremum :

By the integral interpretation, and since %Pt =1L:
[E[Fo(F)] —E [¢/(F)]

+o0 |+OO
E[f(N)¢(f(N))]——E[</O LPtf(N)dt)¢(f(N))]~ < ]E[ %) (f/( [ e-tPtf%N)dt—l)]y.
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By triangular inequality, and since ¢ is \/g—lipschitzian,

] |

|E[Fo(F)] —E [¢/(F)] |

< y/2E|ran | et R (V) de -1
™ 0

However,

E [f’(N) /Oﬂo e tPf(N) dt:| =1

Indeed, if we apply a. with ¢ = idg, then

E[f(N)*] =E {f’(N) /OJrOO e 'Pf'(N) dt}

and since we suppose that E[f(NV)?] = 1, we can conclude. Back
to our inequality, we use the concavity of the square root, like this :

‘IEI [Fo(F)] - E [¢ (F)]
2
\/' e~tPf/(N) dt — 1
By Jensen inequality for concavity, we get :
|E[Fo(F)] —E [¢/ (F)] |
2 oo :
< \[ E f/(N)/ et P f/(N) dt — 1
T 0

This gives us the wanted inequality :

|E[Fo(F)] —E [¢/ (F)] |
\/E\/Var [f’(N

c. Let us note
(z) x)/ _tPtf (z) d

Then, by first order Poincaré inequality :

)/Om e~tP.f!(N) dt].

Var(F(N)) <E[F'(N)?] .
We compute F’, using the D operator and the relation DP; =
e’tPtD :

00
F@= @) /0 e~tPy ' (x) dt

+ f(=@ /()+oo

In our case, it writes

e 2P f" () dt

Var {f’(N) /Om et P (N) dt:|

< IE[(f”(N) /:oo e tPrf(N) dt

+oco 2 %
+f/(m)/0 e 2P, " (x) dt)} .

By triangular inequality on L2 :

Var [ F/(N) /O T et () dt}

+oo 2 5
< E <f”(N) [ etrr ) dt)

+oo 2
+E <f’(a:)/0 e 2P " () dt)

Let’s call the first term (A), and the second (B). Then, by Cauchy-
Schwarz inequality :

2

1
1

1 o0 4
(A) <E[f"(N)*]TE (/0 e 'Pf'(N) dt)

By Jensen inequality :

1

+oo 4

1
(4) <E[f'(N*]1E [ AR dt]
0
We switch the second expectation and integral :
1

(A) <E I:f//(N)él]% </0+(X> 674t]E [Ptfl(N)4] dt) 1

By contraction property of P; in L4(y) :

1 1 +o0 I
(A)<E|:f”(N)4:|4]E|:f/(N)4:|4 / e~ 4t q¢ )
0
The explicit computation of the integral finally yields to

L vy e [ vt

By the same argument,

(A) <

=
=2
3
5
B

And finally

[ELF(N)$(F(N))] —E [¢ (F(N)] |

\[4‘24 1" 4 / 4 i

< e R [f(N)]TE [ (V)] T

Which gives us a better constant than the one claimed by the
proposition. We proved the inequality for f € S. Both size are conti-
nuous with respect to f, for the ||-||pz2,4, so we can extend this for all
f € D%, Since the right side of the inequality does not depends on
¢, we conclude for the inequality. O

In the same way, we can find using the (P;); semi-group an estimation of the covariance of two functions of

random Gaussian variables.
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Proposition 1.16 : Estimation of a covariance

Let (N, N) a Gaussian couple centered, with N, N ~

]D)l’2 .

|Cov(f(N), 9(N))| < |p| E[f'(N)?]

N(0,1) and let p their covariance. Then, for all f,g €

Nl=

Proof : Here's the plan. If p =0, N and N are independent and
so are f(N) and g(N), the equality is true. We suppose |p| > 0. Let
f,g € S, the inequality will remain true by density.

1. We show the following expression for the covariance :

Cov(F(N), g(N)) = E [F(N) (P_ 111 g(N) = Poog(N))]

2. We conclude using the usual relations between P, D, L, 0.

Let us begin.

1. We go from the right hand side (even if this make the proof
less intuitive). We call it (B). By the interpretation of P; using the
expectation, we have

(8) = E[ 1309 (N 1 /1= ez in12) | Bl 0BI ()

where Z ~ N(0,1) is independent of N. (B) rewrites :

(B) = [s)g (IoIV + V1= 22 | - BF V9]

We can compute the characteristic function of what is inside g to

show that
PIN + /1= p2Z ~ N(0,1).

Hence,

(B) =E [f(N)g (V)] = BIF(N)|Elg(W)]
So (B) is the covariance of f(N) and g(N).

1.4.3 Expansion of the heat kernel

Proposition 1.17 : Expansion of the heat kernel

For all ¢ > 0, we consider

Vz € R, p(x)

Then we have the following expansion of p. in L?(¥) :

1 iy

2. We write this differences of P; with an integral. We keep noting
(B) the quantity of 1..

+oo
(B) = -E [f(N) /

By switching expectation and integral :

_[

In |p|

LP,g(N) dt} .
In |p|

oo

(B) =

E [f(N)LPig(N)] dt
By the expression L = —6D :

(B)

+o0 -
/ o ‘]E [f(N)[5DPig)(IV)] dt
Cnlp
By definition of § :
+oo -
=] " B[rWDPW)] d
—1In|p|
By DP, =e tP,D :

= /—t:ﬂ\

By Cauchy-Schwarz and by contraction property of P; on L2(v) :

e™'E [f/(N)[Peg')(N)] dt

1 1 +oo
BI<E[FWPTRE [ [ et
n|p

Which is the wanted conclusion.

def. 1 ==2

Pe = ori+o) 2

n=0

) H2n

( (="
n!(2n)127(1 + )»

Proof : We begin by the expansion :

+oo

pe=>_ ([ 1@ @) 2

n=0
The goal is to compute this integral.
o Let us see first that we have

x
()
— 22
where f(z) = e 2 . So, we can compute its derivatives thanks
to the Rodrigues formula :

pe ()

= o (2) ot (),
Giving :
P () = \/lgn (=1)"Hn (%) pe(z).

e To compute the integral, we cannot use directly this expression.
The idea is to add a parameter and differentiate it. Here we deal with
the convolution :

def.

o) /R pe( — u) d(a).

18
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Then g is C°° and we can differentiable under the integration We do z = e + 1z — \/% :
symbol :

n (n) u) = ! X v X =) &
o™ (u / (@ — u) dv(). 9(u) m”(z@ﬂ))/ﬁp(k) 3

So we just need to input u = 0 to have our expression.
o Let us compute explicitly g(u). We have :

1 —u?
(L e () 2 o= —mson () =)
2

2¢e
e Hence, we have :

8

The integral is equal to /2, so we finally have :

(u) = —
gt 7\/27rs R

We simply reduce the trinomial in x :

/R P (@) dy() = (—1)"p{". (2).

141 _ 2zu g ou®
( + ) e Te By the expression we derived of the derivative of p., we get :

z v ) n H,,(0)
=1 ( i——l m) /() ) dy(z) = WPHE(O)

Hence, . .
By the expression of H,(0) we proved for the expansion of the
Hermite polynomials, this integral is zero for n odd. Hence, we have :

g(u)
1 —u? (=™ Hop
= exp pe = E .
V2me 2(e + 1)) /—2 1 (e + 1)n2mn! (2n)!
B (Wrar ¥ u dx m(1+e)
: RGXP o e+ lz — —m _\/ﬂ' This shows the expansion. O

II Isonormal Gaussian processes and Wiener chaos

II.1 Isonormal Gaussian processes

Definition 11.1

Let (2, F,P) a probability space and H; a subspace of L?(§), F,P). We say that #; is a Gaussian subspace
if H; is closed and contains only zero-mean Gaussian random variables.

o\

Definition 11.2

Let (H,(-,-)) a real separable Hilbert space that we set for all this section. We say that a process X =
{X(h),h € H}, indexed by elements of #, is an isonormal Gaussian process if :

~

X is a Gaussian process ;
For all h € H, E[X(h)] = 0;
For all h,g € H :

In the following, (€2, F,P) is a probability space where F is the o-algebra generated by (X (h))nen-

Proposition I1.1 : An isonormal process is linear N

Let X an isonormal Gaussian process on . Then the map
H — L*Q)
h +—  X(h)

is a linear isometry. As a consequence, its image {X (h),h € H} is closed in L?((2), it is a Gaussian subspace,
denoted in the following .
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Proof : e To show the linearity, we just need to expand when
A€Rand h,ge H :

E [[X(Ah+ g) = AX(h) - X(9)[?]

And we use the equality satisfied by the covariance of X (g) and
X(h)é We conclude as a consequence that X (Ah+g) = AX (h)+X (g)
on L~.

e The isometry is true by definition. To show that the image is
closed, let us consider a sequence (Y3,)r of elements of 1 converging
in L? to Y € L?, and we show that Y € §1. By definition, it exists
a sequence (hn)n € HN such that Y, = X (hn). Then, the sequence
(Yn)n is a Cauchy sequence. Let n € N and p € N. We have by
isometry :

Corollary 11.1 : Corresponding definition

E [|Yn+p - Yn‘2] = [|hntp — hn”2

so the sequence (hn)n is also a Cauchy sequence in H, so
converges. Let consider Z = X (h). Then

E[|Z-Y]] = lim E[Z-Ya?]
n—-+oo
By isometry :
E[|Z-Y[] = lim |h,—h|*=0
n——+oo
soY = X (h) on L2, s0Y € 9. O

h € H, X}, is Gaussian and E[X;,] = 0.

A process X = (X (h),h € H) is a Gaussian isonormal process if and only if h — X (h) is linear, and for all

A little lemma to conclude this part which could be useful for computations in the future.

[ Lemma Il.1 : Independence of a orthogonal family ]

Let (e;)icr an orthogonal family of H. Then (X (e;))ies is independent.
Moreover, if (e;);cr is an orthonormal family of 7, then (X(e;))scr is a family of independent and equally

distribued random variables, of law N(0, 1).

By this definition, if (e;);cs is an ortho-
normal family of H then (X(e;))icr are equally distributed (of law
N(0,1)) and are two by two independent. But, since (X (h))pen is

I1.2 Wiener chaos

Gaussian process, this is equivalent to say that the family (X (e;)):er
is (mutually) independent and equally distributed.

Recall that H,, stands for the p-th Hermite polynomial.

[ Lemma 11.2 : Relation between Gaussian variables and Hermite polynomials ]

Let (X,Y) a centered Gaussian couple such that E[X?] = E[Y?] = 1. Then

E [H, (X) Hon (V)] = {

By the exponential formula for Hermite
polynomials, we will compute for s,t € R :

x—s2 iy £ BT X4ty
E[es Tt 7T}:e 2 e 2 E[es +t }

To compute this expectation, we expend in power series and us
the following fact : if N ~ A/(0,1) then E[N*] = 0 if k is odd, and

2%)!
E[N] = (2'%)'

Since

Var(sX +tY) = (s +t)2 + 2st(p — 1),
where p = E[X Y], we have

S 2 .
E [(sX +tY)?] = % <( J;t) +st(p—1)> .

We finally have :

nE[XY]"  if

0 if n#Em

n=rm.

2 2
_sZ =
E[esX 2etY 2:|

+o0 k
=2 —i? (2k)! (s+1)2
= 2 2 t(p—1 .
cre (2k) 12k < 5 Tt

k=0

We can rewrite it as :

2 2 2 2 2
s t —s —t (s+1t)
E [ESX_T@tY_T} =e 7 ez st e

And finally :

2 2
t
E |:€st—32 etY7—2 :| estp.

To conclude, we use the exponential formula, and we need to
differentiate m times in s, n times in ¢, and take s =t = 0. The left
hand side becomes after differentiation :

Jérémy ZURCHER



M2

Part I - Malliavin calculus

6n+m
omsont

“+oo
(S e

p=0

LHS

(g+n)! ,
g )
q=0
Taking s =t = 0 gives :

8n+m
——— LHS =E[Hn(X)H,(Y)].
g S| _ = EHm(0H )

For the right hand side, we use Leibniz formula. Suppose without
loss of generality that m > n. We have

oo etsp — pmtmetsp.
S

Then,

o

tsp _ n m!
gsm < T
s

m—k _n—k _m+n—k
S .
k7 (m —k)! p

k=0
We take s = O first :

om etsp — m! tm—npm
os™ s=0 (m—n)!
Taking ¢ = 0 and we have two options : it turns 0 if n # m and
lifn=m
om ts
—e"%P =m!p"dm,n.
s et P Om,n

Finally, we get :

E[Hp (X)Hp (X)] = m!p™ 6.

Which is what we expect.

[ Lemma 11.3 : Density of the image par Hermite polynomials of isonormal Gaussian process ]

Let X an isonormal Gaussian process. Then

{Hp(X ()),p € N,h € H, ||h]| = 1}

is dense in L4, for all g € [1,+o0].

We try to copy the proof of proposition
I.1. Let ¢’ the conjugate of q. We consider Z € L9 such that for all
p €N, for all h € H with ||h|| =1:

E[ZHp(X(h)] =0
Let us prove that Z =0 on L7 . This fact is equivalent to for all
p €N, for all h € H with ||h]| =1
E[ZX(h)P]=0

We use the Fourier transform. By Holder inequality, we can justify
with Fubini theorem that we have for all u € R :

E [Ze"XM] =0
Since H is real and separable, the Hilbert theory implies that H
admits a countable orthonormal basis. We denote it by (e;); :

1
H = @ Rei.
1EN*
We note also F,, the o-algebra generated by

(X(e1), -+ ,X(em)). Let us show that

vm € N*,E[Z|Fm] = 0.
We have for all Ay,--- ;A €R:

n
E|Zexp | i E A X (ej5) =0.
=1
Since the exponential is F,,-measurable, this means that :

n
E | E[Z|Fm] exp iz A X(es) | | =o0.
j=1
Moreover, by Fy,-measurability of E[Z|Fy,], there exists a func-
tion ¢ : R"™ — R measurable such that

E[Z|Fm] = o(X(e1),- -, X(em)).
Hence, the equality gives that for all A\y,--- ;A ER :

—1 m 2 m

i,
We used the fact that E[X (e;) X (e;)] = §;,;. This equality implies
that the Fourier transform of

i=1"J¢ j=1

1y 2
(@1, yom) — p(x1, - ,Tm)e > =177

is the null function. By injectivity, it means that ¢ is the null
function, and so that
vm € N*,E[Z|Fmn] = 0.

This means that

E[Z|F] =0

But since Z is F-measurable, we conclude that Z = 0 in Ld
Hence, by the lemma L.1., the family generated by H, (X (h)) is dense
in L9.

Theorem 1.1 : Wiener-1té decomposition

Let X an isonormal Gaussian process on an real separable Hilbert space . For all n € N, we note

def.

n =

Vect {H, (X (h)), h € H, |1 = 1}

the n-th chaos of Wiener. Then, we have the following decomposition :
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2(Q, F,P) @m
neN
Proof : e Let us show first that (£ )m are an orthogonal family. And this property is true by lemma I1.2. Hence, the .6% are in
Let n #m and F € f)(r)n [l ﬁ%, where direct sums, and by closure, the spaces §),, are in direct sums..

o We will show the density of & def. @ieN . Let Z € 6L,

0
= t 1 Hn(X(h)), h hl|=1¢.
9y = Veet { Ha(X (k). h € A, |Inl] =1} Then for all h € # with ||k]| = 1 and for all 7 € N :
Then F admits two expansions of the form ZZ o;Hp(hi) and

L E[ZHn(X ()] =0
Z], BjHm (hj). Hence, it suffices to show that for every h,g € H :

By lemma 11.3, the set of all H,, (X (h)) is dense in L2. It means
E[Hn(X(h))Hm(X(g))] =0 that Z = 0. This proves our theorem,. O

As a consequence, we can decompose all L? random variables in terms of §,,.

Definition 11.3

o\

Let Z a random variable belonging to L?. We note J,,(Z) the projection of Z over $),,. In other words, we
note in L? :

+oo

+oo
Z=> J.(Z)= Proj(Z|Hm).
n=0

n=0

It could be interesting to have a basis of each space §,, to have a global basis of L? where we can decompose
each J,(Z). We can do it thanks to the Hermite polynomials once again. Before going to it, let us introduce a few
notations on multi-indexes.

Definition 11.4

We define A as set of the sequences taking values into N almost null :

A % {a e NY|3ng €N,Vn > ng,a, =0}.

For a € A, we define the length of a and the factorial of a by :

+oo +o00
def. 'def. '
la] = E a; and a! = ||ai.
=il i=1

We note A,, the set of elements of A with length n.

Those two objects are well-defined since there is a finite number of non null elements for a.
The following proposition generalizes the proposition I.10 about an Hilbert basis of L?(7y) thanks to the Hermite
polynomials.

Proposition 11.2 : A basis of §),

Let (e;);>1 an orthonormal basis of H. For all a € A, we define

“+o0

F =11
et T Ha, (X (e

al ;3

Then the set {J;c[y,,j{%a,a € An} is an orthonormal basis (in the hilbertian sense) of @}_; 5.

Proof : e Let a,b € A. We show that E[®,®;] = 0 when a # b.
To do that, we use the independence of (X (e;)); we discussed at
the end of the subsection about isonormal Gaussian processes, in the

lemma 11.1. We have : E[®,®p] = \F\f HE Ha,; (X (e;))Ho, (X(ei))] .
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By the lemma I1.1, o For the density, just think that if a € Ay, ®, is a multivariate

15 polynomial with degree n, so can be express as linear combination of

E [Hai(X(ei))Hbi (X(ei))] = @i*0a;,b; Hermite polynomials. By definition, the set of Hermite polynomials up
And so : . . . .

to degree n taken in element of §) with norm 1 is dense into @gzlj’jp.

E[®o®p] = 6a.p- It follows that (®4)qea,, is itself dense into ®p_19p- O

Hence, (®4)qcn is an orthogonal family of L2(P).

Corollary 11.2 : A basis of L?

With the same notations as the previous proposition. The family {®,,a € A} is an orthonormal basis of
L?(Q, F,P).

Recall that F is here the o-algebra generated by the X (h), with h € H.

11.3 Construction of It6-Wiener multiple integrals

We take place in H = L?(T, B, i), where u contains no atoms and is o-finite. In this case, H is indeed a real
separable Hilbert space. We will precise J,,(Z) in this case thanks to multiple Ito- Wiener integrals. We will denote
H sometimes by L?(u), and L?(P) will refer to the square integrable random variables.

[ Lemma I1.4 : Gaussian measure ]

Let X an isonormal process on L%(p1). Then if we define

VA e B, WA S X (14),

then W is a Gaussian measure on (T, B, i), meaning that W : B — L?(P) satisfies :
(i) W(2)=0;
(i) If (A,), € BY are disjoints, and satisfies >, j1(A;,,) < 400 then

W <|_| An> = +§W(An)
neN n=1

in L2(P);
(iii) If u(A) < +oo then W(A) ~ N (0, u(A)).
We set those notations for the rest of this subsection.

To define multiples integral, we define it first on a simple set, which we will be dense in L?(u®™). We set m > 1
for the rest of this section.

Definition 11.5

Let f € L2 (T™,B®™, u®™). We say that f is an elementary function if there exists N € N such that for all
i, tm €T

N
[t tm) = Z Qi oo i LA, x4y, (B0 5 ),

7:17"’ 7im:1
where :

;... i,, € R are coefficients, with indexes i; € [1, N, such that they are equal to zero if there is two
equal indexes;

Aiy, -, A, € B are two by two disjoint sets with p (A;) < 400, for all ¢ € {iy}m.
We note &,, the set of all elementary functions with m variables. In this case, we note its /t6-Wiener integral :

Im(f): f(tl)"'atm) th1'” th
T’VYL

m
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defined by :

Proposition 11.3 : Properties of integrals on elementary functions

Let f € &, defined by the equality of the previous definition.
(i) The definition of I,,(f) does not depend on the representation of f;

(i) L : Em —> L?(P) is linear;

(iii) If we note, for all ¢1,-- &y, € T :
Fltr, o tm) &
the symmetrization of f, then I,(f) = Ln(f);
(iv) If g € &,, then
E[In(f)14(9)]

1 Z f(ta(l)v »ta(m))
ceS,
: m'<f7 g>L2(Tm)5m,q~

Proof : (i) If f admits two representations

F(ty, e tm)
= Zily'“ Jim=1 Qiy - ﬂ'mlAil XAy, (t11 o ytm)
M
= D gmet it im 1By, x By, (B tm)

then we can consider its decomposition on C¢(z‘,j) = A; N Bj,
where ¢ is bijection between [1, N| x [1, M] to [1, M N]. Those sets
can be indeed used since the Cy(; ;) are two by two disjoints and
Cy(4,j) is p-finite. We note ci, ... k,, the values of the coefficient,
with kp = ¢(ip, jp) :
Chky, km — Qig,o i, — bjl,"' Jm -
In this case, if we note I;?L the integral with the A representation,

same with 12 and IS, we have

MN

>

ki km=1

With the help of ¢, it means that :

N M
= (S0

W(Aiy 0 Bjy)---W(Ai, 0 Bjm))~

IS() = ki, b W(Cky) -+ W(Ck,,)-

I’r?t(f) = =1 C¢(’i1vj1):"';¢(imvjm)

Jm

By definition of the coefficients ¢, we obtain :

IS

N M
zn jim=1 15 sim (Zjl,m Gm=1

W(A4;, N Bjy)---W(4;, N Bjm)) .

The last sums decouples :

By additivity of W, since the B;'s are disjoints :
ZN
i1, im =1
m M
'<Hk_1 w (Aik n |_|j:1 Bj) ) .

And since f is reprenseted by A; and the B;, we have p-almost
everywhere

IS(f) = iy, i

M N
B; = |_| A;.
Jj=1 i=1
Finally, we have :
N
Igz(f)= Z iy o i W(Asy) - W(As,,).
i1, ,im =1

So good as IS, (f) = I/A(f). By symmetry of the computation,
IS (f) = IB(f). This shows that I, (f) is well-defined.

(ii) Let f,g € Em. We can suppose that f,g admits a decom-
position on the same sets of B, if not, we just have to consider their
intersection. Then, in this case, the linearity just comes from the li-
nearity of the sum.

(iii) By linearity of f — f, we just need to consider the case
where f is a product of indicative functions :

F@1, o tm) = 1agxa,, (B, tm).
Then, by linearity of I, :
= 1
In(D=— > In(f)
oeGy

§ince the inside of the sum does not depends on o, we finally have
I (f) = Im(f).

(iv) By (iii), we just need to consider the case where f,g are
symmetric. We can consider that f, g are associated with the same

partition Aj,---, Ap. It means that
N
I’r?t(f) = Zihm’imzl a’ily"'ﬂ;m n
m M = Z QAjq - 'mlAv RN P
: (Hkl Zj:l W(Atk n B])) . f . . ) Pl i1 im
115 tm =
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and

n

g = E bjl,“‘,quAjl"'lqu'

JishJq=1
Moreover, the symmetry implies that for all permutation o, the
coefficients indeed by i and by i, (1) are the same. It implies that

>

1<i1 < <im<n

I (f) = m! iy iy W(Asy) - W(As,,)

Same thing for g. Hence, we can compute E [I,(f)I4(g)] :

E [I;m (£)14(9)]
= mlq! Ziel Zjej aibjE I:H;nzl zq:1 W(Aik)W(Ajl)]
where [ is the ranged set of {ix} and J the ranged set of {j;}.
If we suppose that m > g, then there exists iy, such that iy is not
equal to any j;. By orthogonality of the 1,4, for L2%(p), we use the
independence of the W (A;) to obtain that

m q
e | TIITweowean

Il
!

m q
H HW(Aik)W(Ajl) E[W (Aiy, )]

Proposition 11.4 : Density of elementary functions

The space &, is dense in L2(T™, BE™ ).

We got the result for m # q. If m = ¢, then we will show that
the sum in j is null except if the sequence {j;} is exactly {iy}. If we
suppose that there exists ko such that for all k, i), # ji, than the
expectation goes to zero by independence. It remains all the terms
such that : for all k, there exists n(k) such that i, = In(k)- But, since
the sequence {i} is strictly increasing, k — n(k) is also strictly
increasing. But, the only strictly increasing function from [1,m] to
itself is the identity. Hence, i, = ji for all k, and then

E [T (f) Im(9)]
= (M2 i Qi imbine i E T, W(4i,)?] -

This yields to

E [I’ﬂé(f)lm(g)]
= (m!) Zil <oy, @ity i Vin, i (Aiy) - (A, )-

So, if we write it for every indexes :

E L () (9)]

= m! i Big e M(Aiy) - p(Aiy,)-

) ) iy e
i1, im=1 Y1,

And by definition of the integral for p®™ :

E[Im(f)Im(9)] = mi(f, ) p2(pm)-

Proof : e We suppose known the fact that

Vect (L4, ...A,,, Ai € B, 1(A;) < 400)

is dense in L2(u®™). To complete the proof, we consequently
show that every function of the form 14,...4,, can be approximated
by elements from &, .

olet A= Ay Apm, with every A; € B satisfying u(A;) < +oo.
We note

m

m
def.
a= “w UAi
i=1

Let € > 0. Let us show that there exists f € &, such that

||1A - f||L2(;J,®”L) < g.

Since p contains no atoms, there exists B, - -
that

- ,Bpn € B such

)

m m—1"
(2)“

and such that for all ¢ € [1,m]], the set A; is partitioned by some
B;. Hence, we write the indicator function of A can be written as :

>

sim)€[L,n]™

w(B;) <

14 = Eil,n-,imlB XX B;

im’

i1
(i1,

with every e belonging to {0, 1}. With this decomposition, we can

define
def. j :
f = 6i17"'7im13i1><"'><3im
(i1, im)EA
where A is the set of the indexes (i1,--- ,%m) containing only

different entries :

A {(iy, -+ yim) € [Ln]™, Vh # Ly, # i}

o We note J its complementary. We have on L2(u®) :

2
Ra=f32=| D eniinlsyxoxs,
(i1, im) €T 12
By integration of stair functions :
2 2
a=fl2a = > 2 wBiy) B,

(i1, sim)€J

All the € are lower or equal to 1.

a=fI32 < Y wBi)-ulBi,).
(i1, yim )E€J
By definition,
J={(i1, im) € [1,n]™, 3k # 1,ix = is}.

Hence, we can make a partition of J in function of the values
taken by the equal indexes :

m

J=| 4G im) € 0™, 30 £ Liy =iy =i}

=1

#(Biy) -+

We note J; the set inside the union. We get until now :
m
#(Biy,)-

a=fl32<> Y

i=1 (i1, im)€EJ;

25
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o Let (i1, - ,im) € J;. Then, there are k # [ such that
iy = i = i. We have the following estimation, by majoring the unk- ki e
nown measure by the sum of all measures : H m(Bi,) < o w(Bi).
o=1 Oé( 2)
m m=2 e So, the estimation of the reminder yields to
H p(Bi,) < p(Bi) (Zu ) .
o=1

14— fl2s < — w(B)EJ;.
(

Since (Bj); is a partition of A, we have :
Since #J; _( ) we get :

m

I | w(Bi,) < p(Bi)a™ 2. .
_ 14— flI2s <=
o=1 1a—fll72 < " g

And since everything is positive, if we estimate one of the two
factors in w(B;)?, we got : That shows how the space &, is dense in L2(T™). O

By this density, we can conclude the properties of I,,, on every L? function.

Proposition 11.5 : Properties of It6-Wiener integrals on L? functions ™
Let f € L*(T™).

(i) I, : L*3(T™) — L?(P) is a linear continuous map;

(i) If f is the symmetrization of f, then I,,,(f) = Ln(f);

(iii) If g € L*(T17), then

E [In(f)1o(9)] = m!{f, §) £2(7m) O g-

Proof : All those properties comes from the continuity of I,,,. Its We obtain :
continuity can be shown by taking f = g in (iv) of the proposition
1.3, for all f €& : E [In(£)?] <mlIfl3200m)
Hence, I,, is continuous linear on a dense subset of the Hilbert

E [Im(f ] =ml! Hf” space L2(T™). O

L2(T™)

Corollary 11.3 : Interpretation of an isonormal process in terms of 1t6-Wiener integral

Let h € L*(T). Then,

Proof : The equality is true for every h € &1, by definition of W : h — X (h) is continuous, I; is also continuous. We conclude in
the equality for every h € L2(T).

X(]-A):W(A):/rlA(t) dWry. 0

As an example, let us consider the case where p is the product measure product between the Lebesgue measure
on R and the count measure on [1,d], if we set on H = L*(R; x [1,d], n), embedded with the inner product :

d 400
= [ gt a
i=1"0
Then, if

B(t) = W([0,4] x {i})
then B ~ N(0,t) (since u([0,t] x {i}) =t). If i # j, E[B*(t)B(t)] = 0. If s < t :

E [Bl(t)BZ(S)] = /0 1[0’,5] (u)l[o,s] (u) du = s.

We get the Brownian motion in dimension d.
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1I.4 Decomposition of square integrable random variables with multiple integrals

We will prove the following theorem in this section.

Theorem 1.2 : Decomposition in Wiener chaos ™

Let X an isonormal Gaussian process on L?(T,B,u). Let F € L?(Q, F,P). Then, there exists an unique
sequence of symmetric elements f,, € L2(T", B¥", u®™) such that in L? :

+o0
n=0
with I,,(fn) € 9. In other words,

Vn € N*, L,(fn) = Jo(F).

We will give later an expression of the f,, with the Malliavin derivatives.
We prove now a relation which is close to the relation satisfied by the Hermite polynomials.

[ Lemma I1.5 : A recurrent relation for I, ]

Let f € L?(T?) and g € L*(T). Then if we note for all (¢t1,--- ,t,—1) € TP~ ! :

[f @1 gl(t1, -+ s tp1) /Tf(t1,~- v tp—1,8)9(s) dp(s),

then I, satisfies the following relation :

L(f)11(g) = I (f ® g) + plp—1(f ®1 9)-

By density of elementary functions, and by Then he € Ep11 satisfies
linearity of Ip, let us consider f as a symmetrization of an indicator c
function : E [|Ip+1(hg) —Ipia(f ®g)|2} < 5
1 We also have
f= E Z 1Aa(1)><“‘><Ao(p)
€Sy L (f)11(9) = Ip+1(he) + Re + plp—1(f ®1 9).
where A; are two by two disjoints, and p(A4;) < +oo. For g, by Then,
density of elementary function and by linearity of I, we only have two 5 e
cases to check : if g =14,, orif g = 14,, with Ag disjoint of the A;. E [Rs] < 3
The easier case is when g = 14,. Indeed, we can compute all We can conclude on our equality.
the quantities which are in the lemme. First, Let's prove it.
Let us call for t1,--- ,tp_1 €T :
1,(P)11(9) = W (A1) -+ W(4,)W (Ao).
def.
Then, (A) = F@1g(ti, - tp1).
Then, by definition :
F®1g(ty, ... tp—1) = / (1, stp—1,8)g(s) du(s), 1
T W = 23 ([ g dnts)
and so f ®1 g = 0. Finally, L oe6, T
1 '1A0(1)><~~><Aa(p_1)(t17“' 7tp—1)~
f®g= i Z 1A,,(1)><-~><A‘,(p)><AD- The integral is equal to zero except if o(p) = 1, where it is equal
P cES, to u(A1). By changing variables, we get :
And so
u(Aq
I = W(Ao)W(AL)...W(A (A)= (pl ) D Lagayxexagg (e o).
b1 (F © ) = W(A)W (A1) .. W(Ay). &
We have Shovfm the equality. , We found the symmetrization of an indicator function :
Let us consider g = 14, . Here's the plan.
I,—1(f ®1 g) is still easy to compute. u(Ay) -
Let € > 0. Since u is non-atomic, we consider a partition of A; (A) = LagxxAp-
hose elements have measure less than =, where 8 = Hp (Ar) P
w men Ve measur N g where 5 =] [ #3K)- Hence, we can compute I,_1(f ®1 g) :
We note this partition (B1, -, Bn). We introduce the function
Ay
I,_1(f®19) = MVV(Az) < W(Ap).
hs:Z]-BixBijgx-»-xAp- p
Py By the proposition I1.5, the relation (iii) gives :
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Since Z n(B (A1), we get hat we computed in 1. :
— |2
B (i) ~ a0 = [he 73|
I,(f)I1(g9) = Ipt1(he) + Ip—1(f®1 g
Let's call it (B). Then, by property of symmetrization : »(N11(9) nt (he) + I )

+ ) (W(B)? = u(Bi)) W(A2) - W (A).

( = ||ha*1A1><A1><A2>< X Ap HLQ(TW,_H)

By triangular inequality, we remove the tildes :
We call R the last term :

(B Hhe—1A1><A1><A2>< ‘X Ap HL2(Tm+1) .

We compute the right hand side. We have : def.
RS Y (W(B)? = u(B) W(Az2) -+ W(A,).
(B) < p(A2)- - u(Ap) ) =1
We have by independence of (W (B;)); :
: /T D b, (69) ~ Tasa, (69) | dn(B)duts).
i#] 5
The sum can be easier expressed : 5 " 5
B[R] =E | (D (WB)? —u(B) | | #Az) - u(4p).
(B)<  n(Az)- - p(Ay) ) =1
,/2 Z 1p,xp,(ts)|  du(t)du(s). Let's call the expectation term (C). We expend the square :
T
Since the sums is over indicators with disjoints support : n
(©) = E[(W(B)? - u(B) (W(B))? - u(By)] .
(B) < (As)- - u(Ap) =
n
./Tz Z Lp, (015, (s)| du(t)du(s). Since p(B;) is the variance of W (B;), and by independence, the
i sum in j is null except if j =1 :
We have finally :
© = [(wE) - uw)’].
D uBi) | uAz)-u(Ap). p

We just need to expend the square, and use the fact that

In terms of &, and using the fact that (B;); is partition of A1, we
& (Bi)iis p ! E[N4] = 3 when N ~ N(0,1) to obtain that :

have :

®<Z 3

S 6 (Q=2) u(B:)
Let us give an expression on R, thanks to the two first points. i

To do this, we expend I,(f)I1(g), and we artificially appear the term

Ipy1(he). We have : Finally, since (B1,--- , Bn) is a partition of A1, we get :
W (A1)?W (Az) - - W (Ap). E [RZ] < 26
With the partition (B;);, we have by expanding the square of the N 6
sum - We can finally conclude in our equality. Let us show that the
square of the difference has a null expectation. Let us call
LNhg) = > W(B)W(B)W(A2)... W(Ap)
7d def.

, (D) E E [|Ip(H11(9) = Ip+1(f @ 9) = pIp—1(f ®1 9)°] -
+ Y W(B)W(A2)- - W(Ay).
i= By using the relation 3., and by convexity of the square, we have :

We have I 1(he) in the first term. We introduce p(A1) by in-

troducing p(B;) in the second sum : (D) < 2E [RQ] L 9E [Ip+1( —fag) ]
I(H1i(g) = Ip+1(hs) By 2. and 3., we get :
+ Zu W (Az) - W (Ap) Dy XL 2
5=

+ Z (W(Bi)Q _ “(Bl_)) W(A2)-- W(A). We show this inequality for all £ > 0. This means we have finally

the wanted equality.

The main consequence is the following.
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Proposition 11.6 : Hermite polynomial and It6-Wiener integral

Let h € L*(T) with norm 1. Then,

Vm € N*, I,, (h®™) = Hp(X(R)).

Proof : We prove it by induction on m. For m = 1, this the Which gives :
corollary 11.3 we have proven. Let us suppose this property true for
every integer lower or equal to m. We use the previous lemma.

h®m ®1 h(tlv t 7tm—1) = hmil(tlv o 7tm—1)||h||iz(u)'
Ingr (R®TD) = Ln (B®™) I (h) = mIp 1 (h®™ @1 h) . And ||h]| 2(,y = 1. Finally, we have
We have Ii(h) = X(h), and L, (h) = H,,(X(h)) by induction L
hypothesis. We compute h®™ ®1 h : It (h®(m+ )) = X(h)Hm (X (h)) = mHp—1(X(h)).

By the relation (i) satisfied by the Hermite polynomials, the in-
RE™ @1 h(t1,- - tm—1) = /T h(t1) - h(tm—1)h(w)® dpu(u). duction is complete. 0

Corollary 11.4 : Wiener chaos seen as an image of the Ito-Wiener integral N

We note L2(T™) the set of symmetric functions of L?(T™). Then, the map

Im LET™) — Hm

is an isomorphism.

Proof : By the previous proposition,
(Hn(X (1)), Im(9)) = (In(h®"), Im(g)) = 0.
{Hm (X(h)), k]| =1} C Im (LE(T™)). Hence, for all n # m :
Moreover, if f € LZ(T™), we have
{Hn(X(h), Al = 1} C Im (LE(T™))*
E [Im(f)z] = m!||f||iQ(“)~ So, by taking the closure :
So Im (LZ(T™)) is closed in L2(P), and by taking the closure, we

2 1
have the inclusion : n C L (L(T™))

So:
Hm C I (LE(T™)). N
Moreover, this equality shows that I, reduced to Lg is injective. P .
To conclude, we just have to show the other inclusion. Let h € L?(T) Im(Ls(T™)) @ Hn = Hm.
with ||h|| = 1. Then for all n # m and g € LZ(T™), by (iii) in n#m
proposition 11.5 : This concludes the surjectivity of this map. O

This corollary concludes the proof of the theorem, since L?(PP) is the direct sum of the Wiener chaos §,,.
Remark : By symmetry of the (f,)n, we have the following expression for I,,(f,) :

+oo  pin to
[n(fn):n!/ / fn(tl,"' ,tn) thl...thn,
0 0 0

II.5 Decomposition in Wiener chaos for variables with values in Hilbert space

We want to generalize the previous theorem, and we do it using it. We still set X an isonormal process on
(Q, F,P) where F is the o-algebra generated by X. We begin by defining what is a Wiener chaos for a random
variable with values in V.

Definition 11.6
Let V a real separable Hilbert space. Then, we define the n-th Wiener chaos in V by :

(V) E Vect(Fv, F € Hn,0 € V).

Then, we have the following theorem :
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Theorem 11.3 : Decomposition in Wiener chaos for a Hilbert

Let V a real-separable Hilbert space. Then :

Q—-V) = @ﬁn

neN

for the norm :

def.
VU € A0 = V), U3z 0oy = E [IU1)]

Proof : Each space £, (V) are orthogonal since the space $),, are we have (U, v;) € L?(P), and so it can be decomposed by Wiener-
too. We decompose V with a Hilbert basis : I1t6 decomposition we proves previously :
L
-G i = S .
1€EN neN
Let U € L*(2 — V). We can decompose it in L? by : As a consequence, by Fubini theorem, since both series converging

absolutely in L2(Q — V) :

U= Z(U, Vi)V
ieN -
But, since U= Z <Z In(u;)w) € @ﬁn(V)

neN €N neN
E[IU13] = E[we?],
This concludes the theorem. a

i€N
We still note J;, the projection of n-th Wiener chaos (we don’t precise that J,, takes V-valued random variables).
Set H = L*(T, B, 1), with ;1 a non-atomic measure. We can still construct Wiener integral on Hilbert space, and
leading to this theorem. We introduce for that the tensor product between two Hilbert spaces.

Theorem 11.4 : Isometry between Wiener chaos and symmetric functions

Let V a real separable Hilbert space, and n € N*. There exists a map
IY . L{(T™) — $H,
such that for all m,q e N*, f € LZ(T™)®V and g € L(T9) @V :
E |:<I71;L(f)aj¢;)(g)>vj| s m'<f7 g>L2(Tm)®V6m,Q'
Hence, for all all U € L*(Q2 — V), there exists an unique sequence (uy,), € L2(T™) ® V such that

Jn(U) = IY (uy,).

Proof : We define for f € L2(T™) and v € V : By the isometry equality of the previous subsection, we have

def.

Ln(f @) = In(f)v € Hm(V).
v v —_
We extend it by linearity on the span of f ® v, for f € L2(T™), E [<Im(f ®v), Iy (g®w)> ] ml(v, w)v(f,9)r20q,m
v € V. Set f € LZ(T™), g € L2(T?) symmetric, v,w € V. Then,
It yields to our result by the definition of the scalar product on

E[(IN(f @), 1] (9@ w)),,] = (0, w)E[Im(f)Iq(9)]- LA(T)® V. O

III 'The derivative operator

III.1 Definition in a general Hilbert space

Like in the one-dimensional case, we will introduce the derivative of a random variable in L9, first on simple
elements and then by density on more general random variables. The idea of this derivative is to differentiate with
respect to w, the random parameter.
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In the following, we consider an isonormal Gaussian process X = {X(h),h € H}, on a real separable Hilbert
space H, defined on (Q, F,P), where F est generated by X.

Definition I11.1
\

Let F' a real random variable. We say that F' is smooth if there exists n € N* and :

feCg(R™), that is :
of

_— < Clz|*;
8xi1~-~8xil = | | ,

3C > 0,3k € N,VI € N,V(iy,--- ,4;) € [1,n]',Vz € R",

(0025 ol € Tl
such that

We note S the set of all smooth random variables.

[ Lemma Ill.1 : Density of smooth functions ]

The set S is dense into LI(R) for the usual norm, for every finite ¢ € [1, +o0].

This a consequence of the fact that S those type of functions id dense by the lemma I1.3, the set S is also
contains all the H, (X (h)), with h € H with norm 1. Since the set of dense in L(R).

Definition 111.2
Let FF € S, given by the definition 111.1. We call the Malliavin derivative of F', denoted by DF', the H-valued
random variable given by :

of. o O
DF % Zagf(X(hl)’...,X(hn))hi.
i=1 "

In particular, for all h € H :

D(X (h)) = h.

This operator depends on the choice of the orthonormal Gaussian process X.
Here’s a first property which justifies the choice to define the Malliavin derivative.

[ Lemma I11.2 : Anti derivative in H ]
Let € S. Then, for all h € H :

E[(DF, k)] = E[FX (h)].

The result is true for h = 0. Else, we can Computing the expectation of this is now an easy game. If we
consider that ||h|| = 1. Since F' is smooth, there exist h1,- - ,hm € H  note for x = (z1, -+ ,xn) E R™ :
such that
I+ 1
def. -
F= fi(W(0), W (), W (hn) o) exp | )} e
T
with f1 € ngl(]R”). However, there exists an orthonormal basis j=1

(e1, - ,en) of Vect(h,h1,--+,hyn) with h = e1. By changing basis, then,

and by linearity of W, we can suppose that

= ﬁ €T T €T
F= f(W(R), W(ea),- - . W(en)). EUDE h)a] = /R gy (DO da

Hence, we can conclude that We integrate by parts with respect to z; :

(DF Wy = 2 (X(0), X (ea). - X () B(DF Kl = [ f@)no) de.
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We finally get :

E[(DF, h)3] = E[FX(h)].
E[(DF, hys] = E[f(X(e1), -+, X(en)) X(e1)]. "

In terms of h and F', it means that : That is the wanted formula.

Thanks to this lemma, we can derive an integration by parts formula.

[ Lemma I11.3 : Integration by parts 2 ]

Let F, G smooth random variables, and h € . Then,
E[G(DF, h)»] = E[FG - X(h)] — E[F(DG, h)%] .

Here, what plays the role of the integration is the inner product with respect to h, and a anti derivative is given

by the first lemma.

We apply the first lemma to the product

F @G, where we can use the usual derivative rules for real functions :

E[FG - X (h)] = E[(D(FG), h)x].

And we have by differentiating real functions :

D(FG) = GDF + FDG.

We can as a consequence show the following property which generalize what we saw on first section.

Proposition 1l1.1 : The derivative operator is closable

Let ¢ > 1. Then,

D: (SE[-197) —

is closable on L4(IP). We still note D the extension of this map, and D%! the domain of the closed operator.

(L@ > #),E[I115)7)

Proof : e First, let us see that it is indeed taking values in
LP(Q2 — H). Let FF € S. Then, by convexity :

B [IFIg] <ot 3B ([ 2L, x| vl
=1

Since f € C;;’l(R"), we have :

E [IDFIE] <n?='CP > “E(IX (h1) -+ X (ha) ] Rl
i=1
Which is finite, since {X (h),h € H} is a Gaussian process.

o We use the sequence characterization. Let (Fiv)n a sequence
of S such that

E[F{] —— 0
[ N] N—+oo
and such that there exists n € L9(2 — H) such that
E||DFy — || —— 0.
[IDEy = nlf,] ——

Let us show that = 0. We do this by proving that n € %1, and
to do this, we show that :

VG € S,Yh € H,E[G(n, h)x] = 0.
Let GeS:

G=g(X(h1), -, X (hn));
and for all § >0 :

75 < Ge‘éX(hyeiéZ::l X(ha)?

Then Zs € S since by corollary 1.2 (Rodrigues formula) :

dk _ 22 _z2
Vk € N*, — {e 2 } = (—1)Pe 2 Hy(x).
dzk

We note k such that all the partial derivatives of g satisfy :

|8g(x17 o 7]2”)‘ < C|£U1|k e |xﬂ|k7
and
Ms; 1, def sup ake=7% |
zeER

Hence, P-almost surely :
|Z5] < CMp e X7
> We have for all h € H :
§—0t
Indeed, by using 1 — e~* < « for © > 0, we have :
293

B[ X2+ X(h)? :
k=1

1
2

E[|Zs — GI*] < oE [G?]

which goes to zero when [§ — 01]. By continuity of the inner
product on L2, we conclude on the expected limit. As a consequence,
we just need to show that for all § > 0 :

E[Zs(n, h)u] = 0.
> We also have :

E[Zs(DFn, h)] ~o o E (Zs(n, h)w] -
—+oo

But, by integration by parts formula :
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E[Zs(DFN,h)x] = E[FNZs X(h)] — E[Fn(DZs, h)#] .

We just need to show that both terms go to zero when [N —
+o0).

> For the first term, we have by definition of M; :

|E[FnZs X(h)]| < CM E[|F).

By Hélder inequality, this term goes to 0 when [N — 400].

> For the second term, we need to find a deterministic bound
for ||DZs|| to use the same argument as the first term. The (awful)
computation gives :

j=1
(X x00?)

— 8 X(hj)Zshy
1

j=
— 6X(h)Zsh.
We can then estimate its norm :

IDZs 4

n
_ 2
< CMG e XN " s,
j=1

n
+ OSME Mg | 1l + > lkslly,
j=1

Recall that in this case, D'2 is the closure of S for

Here is our deterministic bound. We can consequently estimate
the second term of the integration by parts, using Cauchy-Schwarz
inequality :

IE [F7(DZs, h)4]|

n
_ 2
< EIFND - Cllally M3 e XM " ingl,,
j=1
n
+ EIFW - OSME M kar | 1013+ Y hslagllall,
j=1
It follows that the second term also goes to zero.

> So, we have

E [Z5 <DFN7 h>7{] —— 0.
N

—+oo

Meaning that for every h € H and § > 0 :

E[Zs(n, h)u] = 0.
By letting [0 — 0], we get, for all G € S and h € H :

E[G(n, h)u] = 0.
It means that (n, h)3; € S* in L2(P). Since S is dense in L2(P),
we conclude that for every h € H, P-almost surely :

Hence, n € H+ P-almost surely, so n = 0 in L9. We have shown
that the operator D is closable. O

def.

VF € 8,|F|F . S E[IF?] +E [IDFI3) .

We have the following characterization : F' € D2 if and only if there exists a sequence (F},),, of elements of D!2
such that (F,), converges in L*(PP) to F and such that (DF},), is a Cauchy sequence for ||-||p:... It is equivalent to
find F,, € S.

Theorem I11.1 : Domain of the Malliavin derivative and chaos expansion

Let F € L?(Q,F,P). Then, the following are equivalents :
(i) F e DV2;
(i) The series >, nE [J, F?] converges.

In this case, we have

+o0o
E[IDFI3| = > nE[5.F?,
n=0

and for all n > 1, we have D(J,,F) = J,,_1(DF).

Proof : [==] All the game here is to compute E [||DFH§_J for
every FF ¢ D12,

o We begin by the simplest case : for ' = H,(X(h)). Then,
F € S so belongs to the domain of the Malliavin derivative. Its deri-
vative is :

D(Jn(Hn(X(h))) = Jn-1D(Hn (X (h)),

which is the relation we want to prove. Finally, if we take norm
on both sizes :

D(Hn(X(h)) = H. (X (B)h. E [ID(Hn (X (n)I[7] = n |IRE [Hno1 (X (0)°]

By the recurrent relation satisfied by (Hy)n, we have : By the lemma 1.2, we have an expression of the covariance of
Hermite polynomials :
D(Hn(X(h)) =nHp—1(X(h))h.

This also writes E [||D(Hn(X(h))||§{j| _ n2(n _ 1)!HhH3{HhH§{(n_1)~
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2

And once again by this lemma, by giving a n from n=, we get :

E [ID(HA (X (0)]3,] = nE [Ha(X ()] .

This is the equality we expected for F' = Hy, (X (h)).

o We extend it to all finite linear combination of H, (X (h)) (which
is still smooth so still in D12). Let F' € Vect(Hn (X (h)),h € H), with
Al =1

K

F= Z axHp (X (hy)).

k=1
Then,

K
DF = nzaan,l(X(hk))hk.
k=1

We expend the expectation of the squared norm of it.

E [IDFIZ]
K

= 02 aruE [Hno 1 (X (k) Ho1 (X ()] (i o)-
k,l=1

But, we know by lemma I1.2 that if (X,Y) is a centered Gaussian
couple with E[X2] = E[Y2?] = 1, then
E[Hn(X)Hn(Y)] = nlE[XY]".

It yields here to, by definition of X being an isonormal Gaussian
process :

K
E[IDF|2,] = n?(n - 1)! Z ey (hy, h)™.
k,l=1
By giving a "n" from n?, it writes :
K
E[IDF|3] =n Z nlagoy (b, i)™
k,=1

And using once again the equality of the covariance of Hermite
polynomials, we get :

K
E[IDFIZ] =n > arouE [Ha(X (ki) Ha (X ()]
k=1
By linearity, we have :

2

K
E[IDFI3,] =nE | | Y arHa(X(he)
k=1
Meaning :

E [|DF|3,] = nE[F?].

The first expression of the statement is true for every F €
Vect(Hn (X (h)),h € H). Same for the second equality between D
and Jp,—1, which is just coming from the linearity of the two opera-
tors.

e Set n € N. Let us prove that we can extend it on $,. First,
notice that we can extend it on $,, N D52 by continuity for the norm

IF|3:2 = E[F?] +E [|DF|3,]

of D and J,, on $, ND!2. Same for the second equality. Second,
let us show that in fact, , C D2, Indeed, if G € $,, then there
exists a sequence (¢p)p of elements of Vect(Hy (X (h)) such that
L2

Yp —— F.
p—+oo

Since ¥p € S, ¥p € DL2. Moreover, (Dip)p is a Cauchy se-
quence, since by what we proves previously (¢, € ) :

E [HD (Yptq — %)Hi] =nE [(¢p+q - "L’p)z] .
So, it means that G € D12, and so we proved that

Hn C D1’2-

Let us notice finally that D sends $),, into $,,—1(H).

o We finally extend it on D1:2. Let us prove that once again, the
continuity for the norm D2 will allow us to conclude. Let F' € D1:2,
Then, by the previous point, since $,, C DY2, we have J, F € D12,
For all N € N, we have by orthogonality of the spaces $,, () and by
the previous points :

N 2 N
E||D ZJnF = ZnE [mF?].
n=0 H n=0

But, by decomposition theorem on general Hilbert spaces, we have
in L2(Q — H) :

+o0
DF = Z Jn(DF).
n=0

So, by the previous point, and since the derivative of a constant
is zero :

+oo +o0o
DF = Z D(Jn41F) = Z D(JnF).
n=0 n=0

Hence, it means that in L2 (2 = H), we have :

N
L% (Q

Y " D(JnF) L@, pp
N —+o0

n=0

Consequently, the right hand side of (%) converges, so the left
hand side too. This proves (ii). Moreover, we can take the limit as
[N — +o0] to conclude to the equality for every F € D12, Once
again, the second equality is true by continuity.

[<=] Let F' € L?(P). We suppose that the series Zn nE [JnFQ]
is convergent. We will prove that F € D12 by approaching it by its
truncated sums in Wiener decomposition. Here's the plan.

o First, since we know that ETILO JnF converges to F in L2,
let us prove that J,F € D%2 by approaching it by Hermite
polynomials.

e Then, we have to show that the convergence is not only in L2
but in D12,

Let us prove it.

o We set n € N. By definition of belonging to $,, there exists a

sequence (¢p)p of elements of Vect(Hyp (X (h)) such that

2
Pp L—> Jn F.
p——+o00
We have ¢, € S, since Hy, is a polynomial, hence ¢, € D!:2.
To show that J, F € D2, it enough to show that (D), a Cauchy
sequence in L2(2 — #). But, by the computations made in (i), we
have in fact, for all ¢ € N :

E [HD (Yp+q — 1%)“3{] =nkE [|¢p+q - 7/)p|2] .

By L2-convergence of (3p), this sequence is also a Cauchy se-
quence, the right hand side is as small as we want, and so (D), is
Cauchy. This concludes that J, F € D12,

e Now, n is not set, and we set :

n
def.
on S ZJkF.
k=0

By the previous point, ¢, € D'2. By the Wiener-Ité6 decompo-
sition, (¢n)n converges in L? to F. We just have to show that, one
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more time, (D¢, )r, is a Cauchy sequence on L2(Q — H). Using once

again (i) for ¢, we have, for all p € N : ntp
Eain () for o ’ E[ID (Gt — 03] = 3 KE[5F?].
+oo k=n+1
E [IID ($n+p — 0n)13] = > KE [k (bntp — )] - We can bound it :
k=0 +oo
But, we have : E [||D (bntp — ¢n)”i] < Z LE [JkFQ] )
n+p k=n+1
Grtp — bn = Z Ji F, Since the series converges by hypothesis, we conclude that (D¢p),
k=n-+1 is indeed a Cauchy sequence, and so that F' € D12, We proved the
so we can easily compute the projections of it : characterization. O

Note : For all F € L?, J,F € D"2. Moreover, the operator D is an isometry on £),,.

Corollary 111.1 : When the Malliavin derivative is zero

Let F € D2 such that DF = 0 P-almost surely. Then P-almost surely :

F =E[F].

II1.2 Chain rule and consequences

Before proving it, we use a lemma which helps to know if a limit of elements of D? still belongs to D2,

[ Lemma I11.4 : A sufficient condition to be in the domain of the Malliavin derivative ]

Let (F,,), a sequence of D12 and let F' € L?(P). If we suppose that :
(i) The sequence (F,), converges to F' in L?(P);

(ii) The sequence of its derivatives is bounded :
sup E [HDFan{] < +o0.
neN
Then F € D'2, and for all U € L2(Q2 — H) :

E[(DF,, U)y] ——— E[(DF, U)]

n——+oo

We will admit it.

Proposition 111.2 : Chain rules
1. Let ¢ € CL(R) (¢ and ¢ are bounded), and F € D%2. Then ¢ € D2 with

Dy(F) = ¢/(F) DF.

2. Let p € CL(R™,R), p € N* and F = (F!,--- | F™) a real random vector such that every F* € D2, Then
o(F) € D2 and :

D(e(F) = Y S (FODF"
i=1

Proof : The demonstration is the same for the two points, it is It remains true for F € D1:2, since if (Fn)n € SN converges in
just technical details form differential calculus that makes the second D2 to F then we have
point different from the first. We just prove the first point.

o lIf o € C°(R) C C(R) and F € S, then ¢(F) € S too and

the formula is true : Pl |LPI(F")} < ||LPI||007

Dy(F) = ¢'(F)DF. so by dominated convergence, we have
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, L2 , def.
@' (Fn) ——— '(F), Pe = @*pe.
n—-+4oo . .
so Then ¢, converges uniformly to ¢ on R. By the precedent point,
for all £ > 0, we have, for F € Db2 :
L2(Q—H)
Dyp(Fn) =M, S (F)DF,

Also by dominated convergence, (¢(Fr))n converges to ¢(F) in
L2. By the lemma, it means that o(F) € D2, and that we have
the weak convergence of (Dy(Fy))n. Since this sequence actually
converges in L2(Q) — ), it means that the formula remains true for
every F € D12,

e To conclude, we approach ¢ € C; (R) with the help of an ap-
proximation of unity (pes)e>0, that is p. € C*° satisfies that p. > 0,
Jg P =1 and Supp(pe) C [—¢,¢€]. We define

De:(F) = ¢L(F)DF.
But, by dominated convergence, we have

L2 (Q—H)
e

¢L(F)DF ¢ (F)DF.

e—=0
Meaning that (Dyc(F))e>0 converges on L2(2 — H). By the
lemma, it means that ¢(F) € DY2, and the formula, as the same

argument as precedent point. 0

We can extend this result by the same argument on Lipschitz functions.

Proposition 111.3 : Chain rule for Lipschitz functions

Let ¢ : R — R which is K-Lipschitz. Let F' € D%2. Then (F) € D%2. Moreover, there exists G € L? such

that |G| < K P-almost surely and

Dy(F) = G DF.

Proof : Same argument as previously. We define once again
e = @ * pe, With pe being an approximation of unity. Then by pre-
cedent proposition :

Dye = ¢(F) DF.
By dominated convergence,
L2
e (F) — @e(F),
e—0
and we have by the fact that ¢ is K-Lipschitz :

supE [[[Dge(F)|l5] < KE[IDF||] < +o0.
e>0

Hence, by the lemma ¢(F) € DY2, and (Dy<(F))e>0 weakly
converges to Dy(F). Finally, since (¢L(F)).s is bounded by K in
L2, there exists a subsequence of it that weakly converges to a cer-
tain G € L2 which is bounded by K. By dominated convergence,
(Dge(F)).~ weakly converges, up to the extraction, to GDF. By
unicity of the weak limit, it means that

Dy(F) = GDF.

Which is the expected formula. O

We can imagine a similar result for ¢ : R™ — R which is Lipschitz. Those chain rules remains true in D7, for

every p > 1.

Corollary 111.2 : Indicator belonging or not in the Malliavin domain

Let A € F. Then the following assertions are equivalent :

(i) The indicator function of A belongs to D2 : 14 € D'2;

(ii) We have P(A) € {0,1}.

In particular, for all h € H, 1{x(n)>0} does not belong to D2,

Proof : [=]If F def 14 € DY2, then since F2 = F, we apply
the chain rule lemma for ¢ € C5°(R) such that ¢(z) = 22 on [0,1] :

DF =2FDF
If we suppose that DF' is not equal to zero, then, we would have
F = % which is impossible. Then, we have DF' = 0, meaning by
corollary III.1 that F' = E[F] almost surely, meaning here that

P(A) =14 € {0,1}.

II1.3 White noise

[<=] Conversely, if P(A) € {0,1}, then 14 is almost surely
constant, and so belongs to D2,

o Since

P(X(h) >0) = %,

1{x(n)>0} does not belong to D!+2. O

For the rest of this section, H = L*(T, B, ), like in previous section. We set an isonormal process X, and a

white noise W associated.
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Definition 111.3

Let ' € D2, We note D, F € R the Malliavin derivative taken in t of F :
D2 — L3(T)
D: P T — R
t —— DF
That is, if F = f(X(h1), - ,X(hn)) €S :
Vit e T,D.F < gﬂf (X (h1),- -, X (hn))hi(t)
=1 i

We can define the multi derivative of a random variable easily here. The general case use tensor products.

Definition 111.4

X(hl)""a

Remark : In the general case, D? : § — H ® H is given by
D*F =Y 02, f(X (I
(]

Remark : We can define th,,, th by this way. We can show by the exact same way than the general case that
this operator is closed. We note D*:? the domain of its closure, which is the closure of S for the norm

2]—|—jz:/Tj]EDD§

In the case of white nose, it is easy to compute the derivative of a L? random variable.

, X (hn))hi @ hj.

def.

} dptr) -+ da(ty)

||||k2 1,0tk

Theorem 111.2 : Derivative in white noise case

~

Let F € L*(P) having its Wiener chaos decomposition given by F = "% I, (f,), with f, € L*(T")

symmetric. Then, we have

DL — {F c L*(P Zn = 1L ||fn||L2(Tn < +oo}

In this case, if F € D%2, we have for almost every t € T, in L? :

+oo
DtF = Z nIn—l(fn(" t))

n=1

More generally, for every k € N*, F € D*2 if and only if the series 323 n*

and we have in this case, for almost every ¢1,--- it € T :

s, — Z Lo (Faly b1,

(n—k)! ||fn||2Lz(Tn) converges,
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Proof : The equality is a consequence of the theorem Ill.1 where
we express D2 in terms of a series. And since for F' € D12, we have

E [JnF2] = E [In(£a)?] = 0l fallZ2 rm),
we can conclude to the equality of the two sets.

o Let us prove first the equality for every F' € S. By linearity,
it is enough to show this for F' = I,(fy), where f, € L2(T™) is

But, if we compute the right hand side of the expected equality :

Z Qiy e igy H W(Azk) ]-An(t)~

i1, in k=1

k#n

In-1(fn(-1) =

By symmetry, we have in fact for every j € [1,n] :

symmetric and elementary :

n
fn = Z a; v"'vinlA'L “'lAi .
S ' " L) = > aigein [[W(AL) 14,0
By definition, its integral is given by : oin g;}

Hence, we have for the derivative of F' :

n(fa)= )

i1y in DiF = nln—1(fn(-1))-

By continuity of D on D'2, and by the one of I,, in L2(T™)
(this is an isometry), we conclude that this expression is true for every
FeHn,NnDb2 =¢,. (We proved the equality of the sets in theorem
1L.1).

e The case of higher order derivative can be done by induction,

n
@iy yoee i HW(Aik)-
k=1

Since W(A) = X (14), this means that we can compute its deri-
vative :

DeF =3 > ai . [[W(AL) 14,0,
k=1

=11, in oy by the same arguments as previously. O

Corollary 111.3 : An expression for f, in terms of Malliavin derivative

~

Let F € D2 % MNpen- DP2 having its Wiener decomposition given by F' = ZZ:(’) I, (fn), with f,, symmetric.
Then, for every n € N*, almost everywhere in T :

fn_l

"l

E[D"F].

Proof : We do it for elementary functions and we conclude by
density. Let Kk € N* and t1,--- ,tx € T. Then, foralln >k :

E [In—k:(fn('v t1,- .- 751@))}

= § Qi yip, I | ]'Aij

i1, i j=n—k+1

n—k
- E HW(Aij)
j=1

This expectation is zero except if n = k, where we have :

E[Io(fn(tly' o »t’ﬂ))} =

n
E ail,“.,in | I 1A1j.
n Jj=1

Q1,00 0

That is f,,. We get by consequently, by the expansion proved in
the previous proposition :

E[D} . 4, F] =nlfn.

We get the expected relation. O

Let us prove the following property, showing a way to see the relevance of Malliavin derivative. If A € B, we
note

Fa =0 (W(B),BeB,BC A, uB)<+).

Proposition 111.4 : Measurability on a subset and derivative

Let ' € DY2, A € B. We suppose that F is F4-measurable. Then, p-almost everywhere on A€ and P-almost
surely,

D.F = 0.

[ Lemma I11.5 : Conditional expectation and Malliavin derivative ]

Let F' € L? having its Wiener chaos expansion given by F = 5" T, (f,,). Let A € B.

n=0

(i) We have the following expansion in Wiener chaos for E[F|F4] :
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F‘]:A

ZI (£,18™).

(i) If F € D*2, we also have E[F|F4] € D2, We can compute the derivative of E[F|F4] :

Dt(E[FU:A]) i

for almost every t € T', and P-almost surely.

By linearity and density, we just have
to check this formula for

fn = ]-Bl><---
with B; € B two by two disjoints, and p(B;) < 4o0. In this case,
we just have

X By s

= H W (By),
k=1

and we can compute the conditional expectation in this case.

HWBk Fa

E [Ln(fn)|Fal =

We make appear A, we get :

EL(f)lFal =E | [[WAn B + W (a0 By) | Fa

k=1

We brutally expend the product :

E [In(fn)|Fa]

> >

k=0 KePr([1,n])

: H W (A° N By)
Ji¢K
The terms "W (AN B)" are F4-measurable, so :

E (L, (/)| 4]

Z Z HW(AmBk)

k=0 K€Py([1,n]) JEK

H W (A° N By)

JEK

]E{ H W (AN By)
JjEK
=]

Fa

We have everything to prove the proposition.

Proof :
writes

If F'is F s-measurable, then the point (ii) of the lemma

IV The divergence operator

E[DtF|fA] lA(t),

The terms "W (AN B)" are independent of F4, so :

E [In(fn)Fa]

Z Z HW(AmBk)

k=0 KcPy([1,n]) jEK

H W (A° N By)
JEK
The expectation is zero unless the product is over the empty set,
meaning that K = [1,n] : the only non zero term is for k = n, and
it yields to :

n
E [In(fn)l]:A] = HW(Bj nA).
j=1
We get the definition of I,, of a tensor product :

E (1 (fa)|Fal = In (f2157).
Which is what we want.
We use (i) and twice the proposition 111.4. We have by (i) the
expansion in Wiener chaos of E[F|F4], so we can express its deriva-
tives thanks to the previous proposition :

+oo
DEIFIFA] = 3 ntaoa (0157 70) 140

n=1

But, by the previous point for the variable D¢ F', whose expansion
on Wiener chaos is known by the previous proposition, we have :

—+oo
E[DF|Fal =Y il (fn(-,mf("*“) :
n=1
Finally, we obtain what we want :

D:E[F|Fa] =14(t) E[D¢F|Fal.

DiF = E[D¢F|Fa] 14(t)

which is zero when t ¢ A.

Recall the definition of an adjoint in unbounded operator theory.
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Definition IV.1

Let (A, D(A)) an unbounded operator on a Hilbert space E, valued in an Hilbert space F. If D(A) is dense
in E, we define the adjoint of A the unbounded operator (A*, D(A*)) on F', where

~

D(A*)  {v € F,3C > 0,Yu € D(A), |{Au,v)r| < Cllul| 5},

and A* is uniquely defined by the duality formula :

Yu € D(A),Yv € D(A"), (Au,v)p = (u, A™v)g.

In our case, § would be the adjoint of the Malliavin derivative on L?, whose domain D"? contains the set of
smooth random variables which is dense in L?(P).

Definition 1V.2
We call divergence operator the unbounded operator (8, D(§)) on L?(Q — H) with values on L?(P) with :

o

D) {u e L3 - #),3C > 0,¥F € D', [E [(DF, )] < CE[|F[*] } .

and the operator ¢ is uniquely defined by the duality formula :

VF € DY2 Vu € D(5),E[Fé(u)] = E[(DF, u)3] .

Remark : it is equivalent to substitute all the "VF € DY2" by '"VF € S".

To make things easier, and to avoid the using of tensor products, we immediately does the things in H =
L2(T, B, i1). The objects introduced in this section could be defined on general real separable Hilbert spaces, we will
explain it in a few remarks.

IV.1 Computation on simple elements

This part remains in the case where H is a general real separable Hilbert space.
A first result is a generalization of our integration by parts result. We can now integrates by parts not only with
h € H but with every u € D(9).

[ Lemma IV.1 : Integration by parts ]
Let F,G € D2 and u € D(6). Then

E[G(DF, u)%] = E[FG §(w)] — E[F(DG, u)z]-

We do the same computations as the case
where wu is deterministic. We have E[(D(FG),u)] = E[F(DG,u)] + E[G(DF,u)].

Finally, the first term gives by duality :

D(FG) = GDF + FDG. E[(D(FC) u) = E[FC 5(u)].

Hence, This completes the proof.

Let us compute this operator for a class of random variables which would play the role of simple elements.

Lemma IV.2 : Simple elements of L?(Q — H)

Let us note Sy C L?(€2 — H) the set of elements of the type

u = i Zjhj,
j=1

with Z; € S smooth and h; € H. Then Sy C D(0) and for all u € Sy :
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= Zn: 7% zn: (DZ;, ;)
j=1

j=1

Let u € Sy of the proposed form in the Thanks to this, we can use Cauchy-Schwarz inequality to conclude
lemma. Let F' € D12, Then, by linearity : that
E[(DF,u)] = Y E[Z;(DF,h;)z]. [E[(DF, )] |
1 1
i=1 < { " E[|Z; X(h))2]? +E DZ-h-QﬂlEFz%A
By integration by parts formula : = ZJ:l [l 5 X (hy)l ] [|< 32 k)l ] 1)

So, S C D(4). Moreover, we have by unicity of the duality
[(DF, u)] ZE [Z;F X(h;)] — E[F(DZ;, hj)]. formula the expression of §(u).

Proposition 1V.1 : Homogeneity up to random constant B

Let u € D(8). Then for all F € D'2 such that the both following expectations are finite :

E [F?6(v)?] ,E [(DF, u)},] < 400,
then Fu € D(5) and we have :

0(Fu) = Fé(u) — (DF, u)y

Proof : Let G € S. Then,

E[(DG, Fu)z] = E[F (DG, u)7,]. [E(DG, Fuys| , ,

By integration by parts formula : < [G2] 3 E [F26( ) ] 24K [GQ] ig [(DF, u)g‘_[] 3
E[(DG, Fu)y] = E[FG §(u)] — E[G(DF, u)%]. This proves that F'u € D(§), and it gives us the expression of
We get by Cauchy-Schwarz : 0(Fu). O

We finish by a proposition allowing to determine if a limit of a sequence of elements of D(4) is still in D(4).

Proposition 1V.2 : Limit of elements of the domain of the divergence operator B

Let (un)n € D(O)N, u € L}(Q — H) and G € L?(PP). We suppose that :
+ The sequence (u,), converges to u in L%(Q — H);
+ The sequence (6(u,)), converges to G in L2.

Then, u € D(6) and G = §(u).

Proof : To show that uw € D(J), we will show that for all Since, by Cauchy-Schwarz once again, the map
FeDh?:
G — E[FG]
) E[(DF, u)x] = E[FG]. is continuous on L2, we have :
Indeed, since by Cauchy Schwarz, the map
E[(DF, uj] = E[FG].

We proved our equality. It is now time to conclude. We have for
all FeDh2:

u+— E[(DF, u)y]
is continuous on L2(Q — ), we have :

E[(DF,u)] = lim E[(DF, un)y]. 1 1
. . e |E[(DF,u)3]| <E [G?]* E[F?]?
By integration by parts formula on D(§), we have :
It means that w € D(J). Moreover, by unicity of the adjoint, it

E[DF,u)u] = nBTOOJE [Fo(un)]. directly gives that G = §(u). O
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IV.2 Differentiation on higher spaces and Heisenberg relation

We defined previously the multiple derivative of an element of L?(P). We present now the notion of derivative
for elements of L?(Q — H), which could be seen also as L?(T — Q) for H = L?(T, B, ).

Definition IV.3
\

We consider H = L?(T, B, uu). Let u € Sy, given by the lemma IV.2. Then, its Malliavin derivative will be
the element Du € L?(T? x ) defined by :

n
Du® 3 DZ; @ b
j=1

In other words, for any s,t € T :

Dyus 3" DoZ; hy(s).
j=1

For general H, the first equality is the one we use, Du is with values in H ® H. By the same argument as we
used for the operator D, this operator is closable. We introduce the following norm on L?(Q — H) :

e Suully = [Jul] + 2| [ 1Dl au) auts)

Then we define DV%(H) as the closure of Sy for this norm.

[ Lemma IV.3 : Heisenberg relation ]

Let u € Sy. Then, for all t € T, Dyu = (Dyus) o € D(6), 6u € D2 and, for all t € T :

D (du) — 6 (Dyu) = wy.

We compute both terms in this relation,

and see where it yields to. We have first the two following expression Di(Z; X (h;)) = D¢ Z; X (hj) + Zjh;.
for Dyu and §(u) : Hence,
n n n
Deus = Y DiZshy(s) D DulZ;X (k) =ur + Y DeZ;X (hy)
=1 - -
and which is the first term of §;(Du). Let us compute :
n
5(u) = ZZ X(h Z/ D:Zjhj(t) du(t). A=Y D [/ DsZjh;(s) du(s)] .
T
j=1
It proves the very first part of the lemma. To do this, we note

First, let us compute §(D¢u). By linearity, we have :
Zj = 2zj(X(g1), -, X(gm))-
§(Dyu) = 26 (D:Z; hy) Then, if we note

(W) = [ Dazyhs () du(s).

By using the expression of 6 for simple elements, since D:Z; € S,

it gives : we have
n n , “ " 0z;
§(Dyu) = Zthja(hj) - Z/ D2, Z;h;(s) dp(s). (A) = Z (/T 9(8)h;(s) du(S)) 5o (X(g1)-+, X (gm))-
j=1 =T i=1 v

And we can compute its derivative :
Second, we compute D¢(d(u)). By linearity : " putet e

j=1

D¢(A")
De(5(w)) = int(zjx(hj)) - zn:Dt [/T D, Z;h;(s) du(s)} . > (/ gi(s)h; (s du(s))
i=1 :1821:

We have for the first term : 02,01, (X(g1),- X(gm))gi(t).
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We insert everything into the integral, and we find that we get Finally, (A) is equal to the second term of d;(Dw). This concludes
D?,th : the proof.

Dy (A") = /T D2, Z;h;(s) dp(s).

Proposition 1V.3 : Inner product

~

We consider H = L*(T, B, u). The space D'?(H) is included to the domain D(4). Moreover, for all u,v €
DY2(H) :

E [5(u)5(v)] = E [ /T e du(t)] +E { /T DDy, dylt) d,u(s)] .

Proof : We make a straightforward calculus. By definition of §
as adjoint :

E[5(u)5(v)] = E U veus du(t)} +/ E [0:6Dyu] dp(t).
E [5(w)3(v)] = E { /T e D () du(t)} . ’ ’

And we use again the duality formula for ¢ for the variables, with

By Heisenberg relation : afixed ¢ :
E[5(u)é(v)]
E[5(u)d(v)] = E U v du(t)} +E [/ 0§Dy du(t)} : - E U - dﬂ(t)] +/ E U Dyu.D.vy d#(s)] dp(t).
T T T T T
Since v and dDeu are in LQ(T), we have : Which is what we expected. O

We interpret this result like this : if u € L2 is adapted and square integrable (we will define it later) then by

It6’s isometry :
E /utdBt :E[/ufdt]
T T

Since, like we will see later, § is an extension of the It6 integral, it means here that we lost the isometry property
for u € D(4), because of the second term. It is zero whenever u or v is adapted, since in this case, the derivative
will be zero on the set where u or v is not measurable.

2

IV.3 Multiple integrals and divergence

[ Lemma IV.4 : Expectation of the L? norm of an element of L?(Q) — H) ]

Let u € L2( — H) having its Wiener decomposition given by u; = 32 I,(fu (-, 1)), with f,, € L*(T" x T)
symmetric with respect to its n first variables. Then,

+oo )
RGeS SEq A

Recall by an ancient proposition that if Since fp, has its first n components which are symmetric, we have :
f € L%T™) and g € L?(T9) then
~ —+o0
E [Im(f)LZ(g)] = m'(f? 9>L2(Tm)6q ms
_ ’ E )2 d t}:/ ! SN 2y du(t).
where f is the symmetrization of f. By Fubini-Tonelli, we have : {_/T u(t)” du?) TZn 17 )”L2<T ) n(®)
n=0

E [/T u(t)? du(t)] = /TIE [u(t)2] dp(t). By a new switching, we finally have :

By the decomposition in Wiener chaos : +oo
2 2
B[ [ u? auo)] - Z:Onll\fnlle(Tn+1)~

B[ w0 auw] = [ iolE (1, )?] duo).
n=0
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[ Lemma IV.5 : Projection of divergence on Wiener chaos ]

Let u € L2(Q — H) having its Wiener decomposition given by u; = 3. I,,(fu(-, 1)), with f,, € L*(T" x T)
symmetric with respect to its n first variables. Let G = I,,(g) € $,,, with g € L?(T™) symmetric. Then,

E [/T u, DG du(t)} = E[GIn(fn_1)].

The computation uses the same arguments Which gives
as the previous lemma. Notice first that

DtG = nlnfl(g('v t))7 . |:/T Ut DtG du(t):| - n!<fn717g)L2(Tn).

by computation of derivatives with a Wiener chaos expansion. As Since g is symmetric, we have :
a consequence, after using the Fubini theorem :
E |:/ ut DG d,u(t)} = n!(fnfl,g>L2(Tn).
T
And so :

E [/T ut DG dﬂ(t)}

+oo
- 2y / E [ (fin () In—1(g(-,£))] dpa(t).
2 Jr E U ut D+G du(t)] =E[In(fn-1)In(g)]-

T

Since we are in presence of symmetric functions, we have : By definition of G, it gives :

E M ue DG du(t)} E [/T we DiG d,u(t)] — E[In(fu_1)G].

= =L s 0.9 O)gacens, du(e)

Remark : Let f,(-,t) like previously. Then, we have

1 n+1

fn:n—l—lkz::lfOTk

where 71 is the permutation between the k-th component and the last, 7,41 is the identity.

Theorem V.1 : Domain of § and Wiener chaos

Let u € L?( — H) having its Wiener decomposition given by u; = >1°% I,(fa (-, 1)), with f,, € L*(T" x T)
symmetric with respect to its n first variables. Then, u € D(d) if and only if the series > <, Int1(fn)
converges in L?(P). In this case, we have in L? :

+oo
5() = 3 Lua(fi):
n=0

Proof : [=] Let w € D(§). Then, by the previous lemma, Hence, by Cauchy-Schwarz and orthogonality of Wiener chaos :
VG € 5, E[GO(w)] = E[GIn(fn-1)]. ‘IE [ / wDiG d,u(t)} ]
But, §(u) expends in Wiener chaos by d(u) = :::) Jn(6(u)). J\j; 1 N 1
Jn(8(w)) is the unique element of §),, such that < E [Z In(fn—1)2] E [Z In(gn)Q] .
n=0 n=0

VG € $Hn,E[GS(w)] = E[GJn (5(w))].

Hence, for all n > 1, Jp(6(w)) = In(frn—1). Since Zn Jn(6(w)) We have by Bessel inequality :

converges in L2, the series I _ converges in L2 and 1 1
In(fn_gl) is the projection of 5%)"0:(52. . £ ’E [/T uD d,u(t)} SE [Vz] B [GQ] :
[+=] Suppose that Zn>1 In(fn—1) converges in L?, and note Since this equality is true for every random variable having a finite
V its limit. Let G = Zi]:o I,(gn). Then, by the previous lemma : Wiener chaos decomposition, and since all the members are continuous
N with respect to G for the norm ||||; 5 in L2, we conclude that this in-
E {/ wD.G du(t)} _ ZE (L (gn)In (fr1)] - equality is true for every G € D12, and then it follows that u € D(9).
r n=0 O
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Corollary IV.1 : Domain of the divergence

We have

+o00
D(6) = {u € L*(Q = H), Z(n—}— 1)!||fn||iQ(Tn+1) < —|—oo}

n=0
where we decomposed w like in the previous proposition. For all u € D(§), the sum of this series is E[§(u)?] :
+oo 5
E [6(u)?] = Z(n + 1)!||f"||L2(T"+1)’
n=0
Proof : [C] If w € D(6), then by the previous theorem, we have By Fubini :

“+oo
E [5(’“)2} =E [Z In+1(fn)21 . +o0 +o0
- Z(n+1)!||f"}|iQ(Tn+l) =E [Zln(fn+1)2] .
n=0

By orthogonality in Wiener chaos, and by the expression of the =0

L2 norm of I,,, we have :

oo Since this sum converges, the expectation is finite, and then

+oo 2 g e 2 . .
E[é(u)Q] :Z(n-i-l)!anHQQ( o anoln(f"+1) is finite in L=. But, if p, N € N :
L2(Tn ’
n=y p+N 2 +oo
which is finite, since u € D(9).
IR E I (f ) <E In 1(fn)2
D) | n+1\Jn +
[D] If Zn20(n + 1).an HLZ(T"+1) converges, then n:ZN n:ZN
“+oo —+o0 .
Z(” + 1)!”an22 = Z]E [In(fn+1)2] . That is Zn In(frn+1) is a Cauchy sequence in L2, so converges,
p—t L2 — and so F' € D(§) by the previous theorem. O

IV.4 Skorohod integral

IV.4.1 Recalls on Itd’s stochastic integration

The divergence operator allows us to extend the It6’s stochastic integral. We give here some properties of this
integration.

Let (B;); a Brownian motion, defined for instance on the canonical space : that is Q = CO(R,.), F = B() and
P defined as, for all cylinder, with A4;,--- , A, € B(R) :

C:{wEQ,wtl €A1,'~- N EAn}

we have :
def -
]P)(C) g/ ptl(xl)Hptk*tk—l(xk _xkfl) dxy, - -+ day,
Ay x--XAp, k=2
where
pie) L e
! V2t
Then, B; : w — w; is a Brownian motion : it is a centered Gaussian process such that E[B;B;] = s A t. We

want to define an integration theory with (By) : [, u; dBy. We can’t do this thanks to Stieljes integration because
(B¢); has an infinite total variation. Indeed, we can prove the following lemma about quadratic variation of (By).

[ Lemma IV.6 : Quadratic variation of Brownian motion ]
Let for all £ > 0 and n € N* :
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Then,
P-as, L
S (t : t.
n( ) n——+oo
Let us prove first the convergence in which goes to zero when [n — 40o0], so the L2-convergence is
L2. We just need to use that E[N4] = 3 when N ~ N(0,1). We just checked.
expend For the P-almost sure convergence, we use the Borel-Cantelli

it lemma. Indeed, for all € > 0, by Bienaymé-Tchebychev inequality,
An S E[|Sn(t) —t*]
We use the independence of the increments and the fact that P(|Sn(t) —t| >¢) <
By ~ N(0,1) to get :

1
g29n—1"
. Hence, the series ZHP(LS'n(t) —t| > €) converges, so Sy(t)
Ap = 1 converges P-almost surely to ¢.
We will then define this integral by density. We want a property on simple elements then we take the closure of
those simple elements, exactly like we did for Wiener integral. In the following, we set T" an interval of R .

Definition 1V.4

We say that a process U = (Uy)icr is elementary if there exists t; < ta < -+ < t,1 elements of T, and
(F;); which are (F;,);-random variables such that for all t € T':

Ut S Z El]ti,ti+1] °
i=1

We note & the set of elementary process.

Notice that we opened at the left and closed at the right. In this case, we define our integral like this.

Definition IV.5

Let U € & defines like in the previous definition. Then, we define its /té’s integral as :

/ U, 4B, S S F (B, - Bu)-
T i=1

Notice that this a particular case of Wiener integral. Indeed, we are with H = L?(R) with W ([0,]) = B;. This
why we will write fT U; dB; or fT U; dW; in the following for designing the same object.

Proposition IV.4 : 1t6’s isometry

Let U € &. Then we have :

(i) The Itd integral is centered :

E[/ UtdBt] =0;
T

(ii) We have the following isometry equality between L?(P) and L*(T x ) :

/UtdBt :E[/det].
T T

Proof : (i) Suppose that U is given by the definition IV.4. Then,
since F; is Fi,-measurable, and since Bti+1 — By, is independent of i
E |:/T Ut dBt:| = ZI]E[FJE [Bti+1 - Bti] =0.
i=

2
E

Fi;, we have :

(ii) We expend the square of the sum and use the previous inde-
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pendent property. The second sum is zero. The first is simply :
2 n

E (/UtdBt) E [F? (t'Hft'):E[/det]

( 2 B[]t —t) =[],

n

9 . .
_ Z]E [Ff] E I:(Bt'H»l _ Bti) } This concludes this proof. O

i=1

+EZ]E [FiF; (Bt , — Bi,)| E [Bi;,, — By ] -
1<J

We will extend thanks to this the Itd’s integral to any adapted process.

Definition IV.6

Let U = (U): a stochastic process. We say that U is adapted with respect to (F;); if for all t € T, Uy is
Fi-measurable.
We will note L2(T x ) all the adapted processes on T such that :

/ E[U?] dt < +o0.
T

We have chosen F; = o(Bs, s < t).

[ Lemma IV.7 : Density of elementary processes ]

We suppose that T' = [a, b] is a segment. The space & is dense into L2(T) for the norm

1013 = | B at.

More precisely, every process U € L2(T x ) can be approximated by

n . b—
2 a+lb2na

def. op
P U =2 Z / .- U, ds 1]a+ib2—_na’a+(i+1)b2—na](t).
i1 a+(i—1) 5w

The idea of the proof is wrong in Nualart, it is coming from Karatzas-Shreve.

It is enough to show it for T = [0, 1]. Then, by Cauchy-Schwarz inequality :
Here's the plan :
For all continuous process U, we have (P,U), converging to 2" l;Tl 1 .
U for the norm Lg; A, <47 Z/ 4—nlE [/1 (Us — Ut)2 ds:| dt.
We approach U € L2(T x Q) bounded by a sequence of conti- i=1" 2" 2
nuous processes V™, which can be approximated by (P V™)m Finally, since we consider U a continuous process, then almost
by the point (i). We let [n — +oc]. surely, (Uy)¢ is uniformly continuous on [0,1]. If ¢ > 0, then for n big

We approach every process U € L2 by processes Upr € L2 enough, we have :
bounded by M > 0, and conclude by letting [M — +oc].

. . . 2 1 .
We show that for every n, P, is a continuous linear operator, 1;511 T
i=1 2%

so that P, U approaches U like announced in the statement. i1

€ ds] dt =e.
Here we go. "

Let us note That proves (i), for every continuous process U.

Let U € L2, bounded by M > 0. We define for t > 0 :
A E [/ |PaU; — Uy|? dt} .
T

def.  [*
Vi o= n/ Us ds.
Then, we write : t—1
By Cauchy-Schwarz,
2" i
am
Up = QnZ (/_1 U ds) 1] ] (). E[V?] < / E[UZ] ds < oo,
™ JT

i=1
By definition and by Chasles :

2n it1
oia
A, =47 E / E
i=1"2"

i
37

so V;* is P-almost surely finite. Moreover, V™ is a continuous
adapted process. (th)n converges P-almost surely to Uz. Finally, V™
is also bounded by M. By dominated convergence, it implies that

o

i 2
/_: (Us — Uy) ds
o

¢ /TIE [V —0)?] dt — .

n——+oo
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Hence, if we set € > 0, and n big enough such that Meaning by Chasles relation that

n €
/T]E[(Vt - Up)?] dt < 3, /TEUPnutﬂ dtg/TIE[Uf] ds.

Then, for big enough, by (i) :
mbe ugh. by (i) Hence, P, is continuous. This proves that P,U approaches U.

e Indeed, if a sequence (U™),, converges to U in LE, and such that

2
/T]E [(vatn -V ] dt < (P,U™),, converges to U™ in L2, like in points (ii) and (iii), then

Hence, for those m, we have : for m big enough

[\

/ E[(PnVi —U)?] dt<e, / E[(U™ ()~ U®)?] dt < g.
Jr T
and we succeed to approach U by elementary processes. def We set such m. We then have (the factors 3 coming from the
Finally, for a general U € L2(T x ), we set Up(t) = convexity of the square) :
Uil{u, <M}~ Unr is bounded by M, and belongs to L2. By (ii), we

can approach Uy by elements of &y. Moreover,

/E[(PnU(t)—U(t))Q] dt
T
3/ E [(PaU(t) — PaU™(t))?] dt

+ 3/1]E[(PnUm(t)—Um(t))2] dt
/EUUM(t)fUtﬂ dt —— 0.
T

Moo + S/TIE (™) - U®)?] dt
Let U € L2. Then, by Cauchy-Schwarz inequality, T

[Un (8)] < [Utl,
and U € L2. By dominated convergence theorem,

N

- There exists ng € N such that for all n > ng, the two first mem-
i

2TL ——
/ E [|Paurl?] dt < Z]E [/lzn U2 ds
T i=1 7

For the sequel of this subsection, we set 7" a compact interval of R, .

bers are lower or equal to 3%, the first by continuity of P, the second

by convergence of P,U™ to U™. We achieved the proof.

Theorem V.2 : 1td’s integral

The map

(% = s )

can be extended on L2(T x Q). Moreover, we still have the isometry property for every u € L2(T x ).

Proof : This is a consequence of the extension of linear conti- &y by the previous lemma. O

nuous maps theorem, using the fact that L2 is exactly the closure of

Then, we know how to define the stochastic It0 integral of adapted process. Let us see an application of this,
using the approximation P,.

Proposition IV.5 : Local property

Let U € LZ(T x Q). If we set

then

P(Gﬂ{/TutdBt:O}c> _o.

In other words, in G, we have [ u; dB; = 0.

Proof : Once again, we set T' = [0, 1]. Here's the plan. (i) We set on G. The idea is to prove that

(i) We prove it for every P, U introduced in the lemma, by showing
that in G, P,U = 0 almost everywhere in T'. / (P, ut)Q dt=0
. =

(ii) We conclude by using Itd's isometry and letting [n — +o0].

Here we go. We have :
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(Pour)? dt=4n§: 17, () dt Zi
v T ] 2]

i=1
One 2™ simplifies, and we get :

By It8's isometry :

2

E |:’/T Ppuy dBy — /Tuz dB;
E [/T (Potts — ug)? dt} .

2n s 2
Prug)? dt =27 v2/us ds .
1
JT J =

— By the lemma, the second term goes to zero when [n — +o0].
i=

By Cauchy-Schwarz inequality, the other 2™ simplifies and : Hence,
2" i .2
2 § 2" 2 Pyus dBy ———— | ut dBy,
/T(Pnut) dt < /Q us ds. /T nUt t T t t
i=1 27
By Chasles relation : so converges up to extraction P-almost surely. Since in G, we have
P-almost surely, for all n € N :
/ (Pnu,g)2 dt < / u? ds = 0.
T JT
Hence, P,u = 0 almost everywhere in T', and so / Pous dB; = 0
- b
T

/ Ppuy dBy = 0. .
T it means by almost sure convergence that on GG, we have almost
(ii) By linearity, surely :

’/ Ppur dBt 7/ ut dB¢

T T

= E |:‘/ (Prut —ut) dBg
T

Let us recall the Ité formula associated.

2
E

/ Ut dBt :07
T

2
:| ’ which proves our local property. O

Theorem V.3 : 1t6 formula

>

Let F' € C?(R), and M a continuous semi-martingale. Then, F'(M) is a semi-martingale whose decomposition
is given by

F(M;) = F(Moy) +/t F'(M,) dM, + %/t F"(M,) d(M, M),.

Notice that the term with F” is only due to stochastic calculus, and doesn’t appear in deterministic calculus.

Theorem V.4 : 1t6’s integral representation theorem

Let F' € L?. Then, there exists an unique (up to indistinguishability) process u € L2(T x Q) such that

F:E[F]+/ Ut dBt
T

To prove it, we introduce the stochastic exponential. This stochastic exponential is defined in a more general
way that the one we present here.

[ Lemma IV.8 : Stochastic exponential ]

Let u € LZ(T x Q). There exists an unique stochastic process (up to indistinguishability) €(u) such that
E(u)o =1 and

dS(u)t = utf(u)t dBt

We call it the stochastic exponential of u. It is given by :

¢ 1t
E(u) = exp (/ Us dBS——/ u? ds).
0 2 Jo
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If we suppose that X satisfies the EDS,
and that X is almost surely strictly positive, then if we apply the 1t6
formula for F' =1n on R} :

t t
In X, — dXs 1/ d(X,X)S_
0

0 Xs 2 X2
Since X satisfies the EDS, we get the expression of dX s and we
have

We admit the following lemma.

d(X, X)s = u2X2 ds.

Finally, we have

t 1 t
lnXt:/ Us stff/ u? ds.
Jo 2Jo

[ Lemma IV.9 : Stochastic exponential and martingales ]

Let h € L*(T). Then £(h) is a square integrable martingale.

Finally, we introduce a third lemma we could use way much earlier in the introduction of the Wiener chaos. We

express it in a general way.

[ Lemma 1V.10 : Density of exponentials ]

Let H a real separable Hilbert space, and X an isonormal process on . Then, the set {eX(" h e H} is
dense in L?(Q, F,P), where F is the o-algebra generated by X.

Let G € L? such that

Vh € H,E [GeX(M] = 0.
Then by linearity of X, it means that for every integer n € N*,
ti,-- ,tn, € Rand hy,--- ,hn € H :

n
E |Gexp Zth(hk) —o0.
k=1

If we define the signed measure on B(R™) :

def.
v(B) E E[GLp(X (b)), , X (hn))],
then we can compute its Laplace transform. Indeed, if F' is a step
function, we have :

]RTL
Since the exponential function can be uniformly approached by
step functions on R4, and since v is finite, we can conclude that we
have :

n
Lv(tr, - ,tn) =E |Gexp Zth(hk) =0.
k=1
Meaning that v is the null measure, by injectivity of the Laplace
transform for finite measure. Hence, G is orthogonal to F, and so

G =0, since G is F-measurable.

We can consequently prove the Itd’s representation theorem.

Proof : We set T' = [0,1]. Let G € L% (L? and centered) such
that

Vue L2 E [G/ ut dBt} =0.
T

o If we prove that G = 0, then, since L?) is closed in L2, and since
the set

def.
U =

{/ ug dBg,u € L2(Q x T)}
T

in included in Lg, this would implies that the reciprocal inclusion
is also true : L2 =U.
o Since £(u)u € L2, we have in fact

Vu € L2,E {G/ ur€ (u)t dBt} =0.
T

Corollary IV.2 : Conditional expectation of the It6 representation

Let F € L? and u € L?(T x Q) like previously. Then, for all t € T,

But, by the previous lemma about stochastic exponential, this
implies that

Vu € L2 E[GE(u)1] = 0.

By the expression of the stochastic exponential, we get for all
h € L%(T) (every deterministic process is adapted) :

-1
VuGLf,E[chp (/ hy dBt)}cxp (—/ h? dt) =0.
T 2 Jr

Finally, since X (h) = fT ht dBg¢, we have :

1
Ge{eXM herX ()} .
This set is dense in L2, by the previous lemma, so we proved that
G =0. O

E[F|Fi] = E[F] + /t us dB,.

Jérémy ZURCHER



M2

Part I - Malliavin calculus

IV.4.2 Skorohod integral as extension of Ito’s integration

Let H = L*(T, B, i) like previously. We make the identification L?(Q — H) ~ L?(Q x T'). We will simply call
the Skorohod integral of u the divergence of u : §(u). We want to use the following notation :

d(u) = /Tut dW,.

Until now, we did it in two cases : one with the Wiener integral for elements of L*(T), and we did it with It6
with elements of L2(Q x T'), where here T' C R is an interval. We want to do this for elements of D(§) C L?*(Q x T),

with a general T'.

Proposition 1V.6 : Extension of It6 integral

Let 7' C R4 a compact interval. Then, we have

LT x Q) C D(6),

and we have for every u € L? :

0(u) = /Tut dB;.

Proof : e Let us show first that L2 C D(6). Since D(6) is closed
for the norm L2, it is enough to show that & C D(§). By linearity,
it is enough to prove that if A € F, with p(A) < +oo (i is the
Lebesgue measure here), and F' is A-measurable, then F'1 4c € D(9).
First, if F € DY2, then we have already shown that F14 € D(J),
by computation with homogeneity up to a random constant, and we
have (the two expectations we have to check that they are finite are
indeed finite since u = 14 is deterministic) :

§(F1a) = F8(1a) + (DF,1c)y.
Since F' is F 4-measurable, DF' is almost everywhere equal to zero
on A, so the bracket is null. This proves the result on D:2, so on S.

For F € L?(P), we have by density of S, the existence of a se-
quence (F)pn € SN such that

—— 0.
n—-+oo

E [|F — FI?]
Moreover, we have by the computation on elements of D1:2 :

L2 (P)
6(Fn1Ac) R — F(S(].A) + <DF, 1AC>'H-

n——+oo

By the proposition about a limit of elements of D(d) belonging
or not in D(§), we can conclude that F'14c € D(4), with :

(S(FlAc) = F(S(IA) + (DF,1A5>'H.

This proves that & C D(6), and since D(§) is closed for
E [fT 2 dt], it proves that L2 C D(9).

o If we compute ¢(u) for u € & :

n
u = Z Zjl]tj,tj+1]7
j=1

with Z; which is F;;-measurable. We have u € D(J). By homo-
geneity up to a random constant :

5 (Filyeyp,1) = Fi0 (Le,05401) — /TDtFjllthjH](t) dt.

But, since F is F¢ -measurable, DF' = 0 almost everywhere on
Itj,tj+1]. And by computation on simple elements :

4 (l]tjvtj+1]) =X <l]tjatj+1]) = Bt;,, — By;.
By linearity, we get the result for every process u € &.

o Let u € L2. Then, using the operator P, defined previously,
and by Itd's isometry :

. U [~ Paey am

which goes to zero when [n — +o00|. Moreover, this also means
by (i) that

2
= [lu— PnuHLa27

2
§(Pou) —=— | wy dBy.

n——+oo T

Since § is closed, this finally means that :

5(u):/T'u,t dB:.

§ coincides with the Itd integral. O

Notice that we note "dB;" to show that this integral is in the It6’s way. Since the Wiener integral and the 1td

integral coincides, and since

Vh e, 6(h) = X(h) = / hy AW,

T

we will note §(u) = [, u; dW;, and not dB; for general elements of D(9).
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Definition IV.7

Let u € L?(Q x T). We say that u is Skorohod integrable if u € D(6). In this case, we note

Let F € DY2, T an interval of Ry, an B a (F;):-Brownian motion. Then,

F = E[F] + / E[D,F|F,] dB..

Proof : Two proves are possible, let us make both.
1. We know by [t6's representation theorem that there is an unique
(in L?) u € L2 such that
F = ]E -I-/ us dWrs.

We just need to show that uy = E[D¢F|F¢]. To do this, we show

that the difference belongs to LgﬂLgl. Let v € L2. Then, v € D(9).
By definition of § by duality, we have

E[F5(v)] = /T E[v;D, F] dt.

But, since v € L2, since E[§(v)], we also have :

E[Fé(v)] = E [(/T vt dBt) (/T u dBtﬂ :

By Itd's isometry, we have finally :

/ IE[’UtDtF} dt :/ E[vtut] dBz.
T T

But, since v; is Fi-measurable, we can write it as :

/E[vt]E[DtFU-‘t]] dt:/ E[vue] dB:.
T T

And since E[De F|Fo]] € L2(T x Q), this means that we proved

that the difference with w is in Lgl
proof.

2. We expend F' in Wiener chaos, and compute the expansion of
every member of the expected equality :

+o00
F =" I(fa),

E[F], and (fn)n symmetric. Then, we have

, so is zero. This concludes the

with Io(fo) =

—+oo
DtF = ann—l(fn('vt))'
n=1

V  Ornstein-Ulhenbeck operator

And by the lemma I11.4 computing the Wiener chaos expansion
of a conditional expectation, we get :

E[D,F|Fi] = ann . (fn DI 1>).

Since (]E[DtF|.7-'t])t>0 € L2, we can compute the divergence of
it in terms of Itd's mtegral

6((]E [DtF|]:t])t>0) =/T]E[DtF|]-}] dB;.

And since we have the Wiener chaos expansion of E[D¢ F'|F;], we
can compute the one of its divergence. Let us call

def.
gt b, t) (0 D) foga (b1, OISR (11, ).

Then, if we compute its symmetrization, we have :

gn(tlv'" 7tn7t):
= fo+1(t1,...,tn,t)
I%t](tlv" tn)+zl[0tk (tl""vta tn)

But, the sum in parenthesis is equal almost surely in 77t to 1.
Indeed, if we note t,,41 = t, then there exists ko such that ¢ is the
biggest of the t;. Then, the term in k = kg is equal to one, and the
others are equal to zero unless ty, is not unique, but the set of R t1
such that at least two coordinates are equal is negligible. Hence, we
have almost every where g, = fn+1 and we get exactly :

an f),

which is F — E[F]. o

5 (B [DePIFe),50)

Definition V.1

P,F %

We define (P;); as the following : for all F € L*(P) and t > 0

+0oo

Ze‘thpF.

p=0
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V.1 Melher’s formula

Hence, P; : L?(P) — L?(PP). We could define a closer definition of this operator from the one-dimensional case.

Proposition V.1 : Melher’s formula

Let X’ an another Gaussian isonormal process with values in #, with values in L?(Q', 7/, P'). Then, for all
F € L?(P), there exists a measurable map ¢y : R* — R such that ¢p(X) = F and

ﬂF:EHT@4X+va4tQ}

~

Proposition V.2 : Contraction

The operator P; : LY — L7 is a contraction :

VF € L9E (PP <E[|F|7).

Proof : We use Jensen inequality, like in section I.

Yp (e_tX +4/1— e*QtX’) qH .

Since et X 4+ V1 — e—2t X’ as the same law (as processes, so if
we look at finite dimensional laws), we have

E[|PF|%] < E [E’ [

V.2 Infinitesimal generator

Definition V.2

E[|PF|Y] < E [E' [[¢r (X)|9] -
That is, since Yp(X) =F :

E[|PF*] <E[F|7].

and for all F' € D(L), we define on L? :

LF %

We define the unbounded operator (L, D(L)) as follows :

+o00o
D(L) % {F € L*(P), > n’E[(J.F)?] < +oo} ,
n=0

+oo
- nJnF.
n=0

Proposition V.3 : Generator of the Ornstein-Uhlebeck semi-group

The operator (L, D(L)) is the infinitesimal generator of (P;);, that is :

PF-F |
D(L) = {F € L?3G € L*E ‘t— -G | — o},
t t—0+
and for all F € D(L), we have in L? :
PF - F
LF =lim “——.
t—0 t
Proof : [=] Let F € L? such that Zn n2E[J, F?] converges.
Let us show that
2 PF—F 2 -~ e Pt —1 : 2
E PtthF_LF ] L0 E||l———-LF ]:Z — +p| ElpF?.

t— p=0

By the definitions with the series, and by expanding F' in Wiener
chaos, we have :

But, we have the following domination, for allp € Nand ¢ > 0 :
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2

S—— E[J, F?] < 4p*E[J,F?].

y +p

By dominated convergence, we have the expected convergence,
and so we proved the inclusion between the definition of L, and the
generator of P;.

[<=] Conversely, we suppose that F' € L? satisfies that there
exists G € L2 such that

]

We show that Zn n2]E[JnF2] converges and that G = LF, in

the sense of the definition. First, by continuity of J, on L2, and li-
nearity, we have in L2

E -G — 0.

’ P.F — F
t t—0+

JnPtF — Jp F

JnG = lim ; .

t—0t

By definition of P; and unicity of Wiener chaos expansion, we
have

Corollary V.1 : Derivative of P;

JnPF = e " J, F(= P JnF).

Consequently, we have :

—nt __ 1
JnG = lim Jn F.
t—0+ t
So:
InG = —nJp F.

We deduce that

+o00o +oo
ZnQIE[JnFQ] = Z]E[JnG2] = E[G?] < 4o0.

n=0 n=0
Moreover, in L2 :
“+oo —+oo
LF = prJsz ZJszG.
p=0 p=0

We have proven the other inclusion.

Let F'€ D(L). Then forallt >0 :

dPF
de¢

= LPF = P, LF.

We will show an important relation between the last operators we introduced. We have already seen it in the

one-dimensional case, and saw some applications.

Theorem V.1 : Relation between L, § and D

We set H = L3(T, B, 11). Let F € L?. Then, F € D(L) if and only if F' € D2 and DF € D(6). In this case,

0DF = —LF.

The theorem is still true for real separable Hilbert space H, the choice of L?(u) is to complete the proof.

Proof : [=] Let us suppose that F' € D(L), meaning that
Zn n?E[J, F?] converges. Then, the series Zn nE[J, F?] converges
too, and so F' € D12, by the series characterization. Let us show that
DF € D(6), by using this time the definition. Let G € D2, Then by
using the expansion of DF' and DG in Wiener chaos,

+o0o
E(DG.DF) = Y0 [ @ulot) ot o) dn)
n=1

Hence,
400
E[(DG,DF)] = > " n(Gn, fa) 12(zn)-
It yields to i
+o0
E[(DG,DF)] = Z nE [JnFJnG].
n=1

We conclude by Cauchy-Schwarz inequality that :

1

2
1
2

+o0o
[E(DG,DF)] | < ZnQJE [1.F?] | E[c?]
n=1

And so, DF € D(9).

[<=] We suppose that F' € D2 and DF € D(6). Let us show
that J,(0DF) = nJ,F for every n € N. To do that, we consider
G € Hn. Then,

E[G §DF] = E[(DG,DF)].

By the lemma IV.5 about projection on Wiener chaos of the di-
vergence, since the Wiener chaos expansion of D F' is

+oo
DeF = nlu1(fa(1),
n=1
we have :

E|G 6DF| = E[GIn(fn)]-
And so, we have J, (6DF) = nJp F. It means that :

“+oo
Z n2E[J, F?] = E[(5DF)?] < +oo0,
n=0

so, that F' € D(L) and moreover that

+o0
6DF = Z nJnF = —LF.
n=0
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Proposition V.4 : An expression of L for smooth random variables ™

Let F € S, given by F = f(X(h1),---, f(X(hy)). Then, F € D(L) and :

n 2 n
LF = Zaa—f(X(hl))7X( h,,h Z
7 P

Proof : We use the expression we just proved. For F' € S, the

derivative is given by : ) (sf (h1),- - ,X(hn))hi)
= 2L ) X))
X

(hl)v' o 7X(h"ﬂ))7hi>H

s X(hn))hi. Since §(h;) = X (h;) (computation on simple elements), and since

DFZ

D

X(hl)’ T 7X(hn))hj7

X (hy)
Bwi( (), a

We just need to compute the divergence of it. We use the com-
putation of §(Fu) done in a previous proposition. It gives here we conclude on the equality by linearity. O

V.3 Pseudo inverse and integration by parts formula

Definition V.3
Let F' € L?(IP). We define the pseudo inverse of the operator L by :

def Z J F

Proposition V.5 : PSEUDO inverse

Let F € L*(P). Then L='F € D(L) and

LL™'F = F —E[F].

Proof : By definition, defines a general term of a convergent series, so L~ F € D(L).
Moreover,
-1
JpL™YF = —J,F. too too
p
“1py _ —1py
Hence, LIL™F) = ZpJp(L F) = Z ToE:
p=0 p=1
p*E [J,L 7' F?| = E[J,F?] So LL™'F = F — E[F). O

We derive here an another integration by parts formula, which is not the same as the previous with the divergence.

Proposition V.6 : Integration by parts formula with the pseudo inverse

Let F,G € D2 and g € C}(R). Then

E[Fg(G)] = E[FIE[g(G)] - E [¢/(G)(DG,DL™"F)s] .

Proof : We use the previous property. We have
E[(F - E[F])g(G)] = —E[sD(L™"F) - g(G)].

E[(F —E[F))g(G)] = E[LL™'F - g(@)]. By duality :

We use L = —D : E[(F — E[F])g(G)] = —E [(D(L™'F), Dg(G))%] -
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Finally, by chain rule on Cg functions :

E[(F - E[F))g(G)] = —E [¢/(G)(D(L™'F),DG)3] .

This concludes the proof. O

As an application, we will prove the following theorem about the law of a random variable living in a set Wiener

chaos. We prove it for H = L?(T).

Theorem V.2 : Absolute continuity with respect to Lebesgue measure in Wiener chaos

Let g € N*, f € LZ(T9) and F = I,(f). If £l z2(7ay > 0, then F" admits a law which is absolutely continuous

with respect to the Lebesgue measure.

Proof : We proceed by induction on q. For ¢ = 1, I1(f) ~
N (07 ||fHL2), so the initialisation is true. Let ¢ € N*. We suppose
that for every g € Lg(T‘?) non equal to zero almost surely, the ran-
dom variable I;(g) admits a density with respect to the Lebesgue
measure. We want to prove it for the rank ¢ + 1. Let F' = I;11(f),
with f € LZ(T%+1) non equal to zero. The idea is to use DF which
belongs to the previous chaos to use the induction hypothesis. Here's
the plan.

1. Letty,--- ,tq €T and

9= g0ty = St ta,) € LD,

Then there exists h € H such that (g, h)% # 0 and so

P (IDF|l;, =0) = 0.
2. Let B € B(R). Then for all n € N* :

F
& (Lo (PIDFIR] = |F [ 1pni () dy).

q+1

3. We moreover suppose that A(B) = 0. Then P(F € B) = 0,
meaning that the law of F' is absolutely continuous with respect to
the Lebesgue measure.

Let us begin.

1. We set t1,...,tq € T and simply denote for now g = g¢, ... ,t,, -
We suppose that for every h € H, (g, h) = 0. Let (e;); an ortho-
normal basis of H. We decompose f, and so g :

—+o0 —+o0
f= g E Ajy e gr1€i1 @ @ €jgyy-

Jiydg=1jg41=1

Hence,
—+oo —+o0
_ +oo . e .
9= E E g1 jq=1%01 (t1) - ejq(tq) | €jgyr-
Jg+1=1 [J1,-,dq=1

And we have the following expression for (g, h) :

<g7h>'H
+oo +oo

= > D aneaeen ) e (t) | (apn e
Jq+1=1 | J1,+,dq=1

Now, let us note

@ (t17 cee ,tq) — <gt17.4. g h>'H.
By hypothesis, ¢ is the zero map, so belongs to L2(T'). More
over, we have the decomposition of ¢ in the orthogonal basis (e;); :

—+oo +oo
v = E E A1, sigCigr  PIw | € ® ® ey,
J1s5Jdq=1 | Jg+1=1

So we can take the norm of it, and use the fact that it is equal to
Zero :

2
+oo oo
0= E § ajlw‘,]’q<ejq+1’h>?-t
Ji,sdq=1 | Jg+1=1

If we take h = ey, then all the sum is zero except for the term in
Jg+1 =k :

Vk € N*7a‘j17”' das

By symmetry of the function f, it means that all the coefficients

@5y, jgr1 are zero, and so f = 0, which is excluded by hypothe-

sis. Hence, we concluded that there exists h € H such that for all
1, tg €T :

x = 0.

(gt1,-tg, P)m # 0.
It means, if we note ¢ like before that ||¢|| ;2 (1q) > 0. By induc-
tion hypothesis, it means that

£(Iy(9) < A
But, since F' = I;41(f), we have for all t € T :

DiF = (g+ DIg(F(t, ).
Hence, since f(¢,:) = {(th -
almost surely :

Jtg) — gtl,m’tq(t)}, we have

(DF,h) = ¢.
Hence,

P ((DF, hyx = 0) = P(p = 0) = 0,
since P, < A. Since

{IDFl;, =0} C {(DF,h)3 =0},
we finally proved that

P (|DF]l;, = 0) = 0.
2. Let B € B(R). We set n € N*. We want to prove that

1 ©) F
2 [Lpe g PIDFIE] QB | [ tpn ) 2
q+1 —o0

We use a Dynkin argument. Indeed, the set

{B € B(R), (*) is true}
is Dynkin system (& belongs to this set, it is stable by difference,
and increasing limit by property of indicator functions). We just need
to prove it for B =] — 00,al], with a € R. The idea is to use the
integration by part formula we just derive for the map, for all n € N* :

x
T — / lBﬁ[fn,n] (v) dy,

which is bounded by 2n, but not C' (only Lipschitz). To avoid
this problem, we approach 1)_ o 4jn[—n,n] by linear interpolation. For
n < |a|, we define . as :
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lBr‘w[—n,n]

)

|

|

|

|
o

—n

Se--->

n+ea

—n —¢&

And we define for |a| < n :

We drew it for a > 0, but we define . symmetrically for a < 0.
Then, ¢ converges pointwise to 1gn[_y, n], is bounded by 1 and has
its support included in [—n — €,n + €]. Since . is continuous, the
integration by parts formula for f:oo e gives

F
E [¢c(F) (DF, —DL‘1F>H] =E [F/ 0e(2) dz] .

;TFP so we have :

1 F
e F/ z) dz| .
q+1 . we(2)
So, by letting [¢ — 0] (we can do it by dominated convergence,
e has its support included in [—2n, 2n| for € small enough), we get :

But, since F' = Iy 41(f), we have L™1F =

E [¢e(F)|DF|f3,] = E

V.4 Nelson’s hypercontractivity
V.4.1 Statement

Theorem V.3 : Hypercontractivity

1 F
q—i—il]E I:l[—n,n]ﬁB(F)”DF”%LjI =E |:F/ 1[—n,n]ﬁB(Z) dz
We proved (x) for every B =] — 00,a], with a € R. Since the

o-algebra generated by those intervals is exactly B(R), we conclude
by Dynkin lemma that (x) is true for every B € B(R).

3. We suppose than A(B) = 0. We want to prove that Pp(B) =
P(F € B) = 0. By hypothesis, for every interval I C R, f[ 15dA=0.
Since A(B) = 0, it means that

7 [Lenmns (MIDFIE] = o.

Since the left hand side is the expectation of a positive quantity,
it means that P-almost surely, we have

Ly nns(F)|DF|3, = 0.

By the previous point, IP’(HDFHH > 0) = 1, meaning that P-
almost surely, we have 1[—n,n]mB(F) = 0, so by taking the expecta-
tion :

vn € N,P(F € BN[—-n,n]) =0.

By increasing property of the probability, we conclude that P(F €
B) = 0. This shows that Pp is indeed absolutely continuous with

respect to the Lebesgue measure. O

Let F € LP, for p>1 and let ¢(t) =1 +e*(p— 1)

E[|PF|]

. Then,

© SE[|FP]7.

V.4.2 Equivalence of the norms in Wiener chaos

A very important corollary is the following.

Corollary V.2 : Equivalence of the norms

Let '€ ), and 1 < g < r. Then,

E[|F|9s <E[|F|']" < <q

All the L9-norms are equivalents in every Wiener ch

-1
—1

r

)gEnFM%.

a0s.

Proof : The first inequality is well known, it is an application of

Jensen inequality. For the second inequality, we use Nelson hypercon-
tractivity (in L9) : let t > 0 such that

r=1+e%(g—1).
Then,

1
E[|PF|")F <E[F|9 .

But, by definition of the Ornstein-Ulhenbeck operator, we have,
since F' € )y :

P.F =e P'F.
We finally have
1 1
E[|F|")" < ePE[|F|79,

giving the expected inequality.
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VI Applications

VI.1 Poincaré inequality

We begin by a generalization of we saw in the one dimensional case.

Proposition VI.1 : Poincaré inequality

Let F' € D2, Then,

Var(F) < E [||DF||§L] :

Proof : We will prove it in two ways, one copying the case where
) = R we treated in section |, and another using explicitly the Mal- Var(F) = /+OOIE {DF, DPyFhag] dt
liavin derivative, and its Wiener decomposition. 0 ’ H ’
1. The idea is to use the operators ¢, L and D, by observing that Using the Wiener chaos expansion, we have DP,F = e—tP,DF
2 ' :
for all F' € L=, So, by Cauchy-Schwarz, we have :

PyF = F and P F = E[F].

—+oo
Var(F) < / e 'E [|DF |5 ||PDFl,,] dt.
The last equality can be shown using dominated convergence. Let 0

us see the variance of I like an expectation of a product : And by Cauchy-Schwarz once again :
Var(F) = E[F (F — E[F])]. hoo 11 b1l
- 2 2
We see then an increment of (P;)¢ : Var(F) < /0 e 'E [”DF”H] E [”PtDF”H] dt.
Var(F) = E[F (PoF — PooF)]. By contraction property of P; (here on H) :

And so we can express it as an integral :

+o0 4P F
F/ i dt].
0 dt

But, since P, F = ZZ:B e~ " J,F, we have in fact

—+oo
Var(F) g/ e 'E[|DF|3,] dt=E[|DF|3].
Var(F) = —E 0

And here is our inequality.
2. This proof is quicker but is more difficult, since it uses non
elementary tools. We expend F' in Wiener chaos :

dP:F
= LP.F. oo
So, we have : F —E[F] = Z JpF.
p=1
Foo So,
Var(F) = —E F/ LPF dt| .
0 e
Since L = =D : Var(F) = ZE[JPF2]~
p=1

. And now, the result is immediate by the theorem about the cha-

—+oo
Var(F) =E F/ DR F dt
0 racterization of D1+2 in terms of convergence of a series :

We switch integrals :

“+oo

Fo0 Var(F) < E[J,F?] =E ||DF|2,|.

Var(F):/ E[FSDP,F] dt. ar(F) Z;p Ly ] [IDF 1]
0 p=

By duality : The inequality is proved. O

V1.2 Variance expansions

We set here H = L?(T, B, 1) with p a non atomic measure.

Proposition VI.2 : Variance expansions for D°°-2 variables ™

Let F € D2 = (5, D2,

i. We have the following expansion :

0 R [DPF||2
Var() = 3 Tl

p=1
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ii. If we suppose moreover that

2
E [ID"F 32z
p! p—r+00

then we have the following expansion :

£ (~1)PVE [|IDPF |},

Var(F) = Z
p!
p=1
Proof : We do the same proof as the case where = R and Finally, we have DP; = e tPD, so:
P=~.
i. We use a corollary we proves in section Ill about Malliavin de- , 2
rivative. More precisely, we proves that if F' € D°2 then g@t)=E HP% DF L2(T) :

F— R+ i I, (E[D"F]) 2. Notice that we can extend g on [0, 1] with
= —_— .
=1 " 9(0) = E[F]? and ¢(1) = E[F?)].

So, by taking the expectation of it : By Taylor formula with integral reminder around 1, we have for

all N € N*, since
TL'”E DnF”|L2(Tn)

E[F?] = 24+ bz
§: 9P (1) =E [IDPF321s)] »
which exactly what we expected. we get :
ii. We introduce
2 N (-1)PE nDpFn ]
def L2(TP)
E|{P-wm:F . — =
o) [( ;t)] 9(0) — g(1) }:
p=

1. Let us show that for all p € N :
+ (= 1)N/ fg(N“)(t) dt
o NI

2
0=z || : _ |
L2(TP) Since by contraction property, we have
To do this, we just need to treat the case p = 1, the higher cases
would be identical. By differentiating a composition of functions :

P_.DPF
—nt

[||DN+1F||L2<TN+1J

(N +1)!

"1 tN
/ 7g(P+1)(t) dt
0 n!

, —1
g ()= TE P_ 1an LP_ 1an
Since L = —4D :
This goes to zero by hypothesis. So, we concludes in our expansion

1 ..
g ) =-E [P nt F 6DP_ 1 F] fh-.
t Note : Same remark as the one-dimensional case. We could have

By duality :
y duality proved our expansion (i) by using this method and expanding in 0.
, 1 2 Nevertheless, it uses the hypothesis formulated in ii. we don’t need to
J®)=1E HDP,MF _
t —= 2 suppose for i.. O
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I Stein’s method for one-dimensional normal approximation

I.1 Stein’s lemma and Stein’s equation

We want to quantify how far a law is far from the normal distribution. To do this, we use this characterization

of the Gaussian normal distribution.

[ Lemma I.1 : Stein’s lemma ]

Let IV a real random variable. The following assertions are equivalents :

(i) N follows the law A/(0,1);

(i) For all differentiable f : R — R such that f’ € L'(v), we have E[|f'(N)|],E[|N f(N)|] < +oc and

E[N f(N)] = E[f'(N)].

We suppose N ~ N(0,1). Let
f : R — R differentiable such that f’ € L (7). Since E[N] = 0, we
can suppose that f(0) = 0. Then, immediately, E[|f/(N)|] < +oo.
Moreover,

E[INF(N)] = /]R e/ (2)] dn(z).

We write f as the integral of its derivative. In order to use triangu-
lar inequality, we have to be careful with the bounds of the integrals :

E[NF(N)I]

()

( | 1ol dt) dy(2)

N

7] dt) dyo)
0
0
— T
— 00
By performing z < —xz in the second integral, we get that the
second integral in equal to the first :

sivslsz [ e ([]70] @) aro.

By Fubini's theorem :

400 400
J<2 |f'<t>|(_/t wdv(@) .

Finally, since this integral can be computed, we have :

E[Nf(N)|

+oo
E[NF(V)]] <2 /0 1£(8)] d(2).
So,

E[INF(N)[] < 2E[|f'(N)]] < +o0.
Finally, we show that E[N f(N)] = E[f’(N)]. This is again a Fu-
bini’s theorem which allows us to conclude (an integration by parts

42
cannot be done, we don’t know how f(t)eTt behave on +00). We
have :
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/ 2f(z) dv(a)
-/ = [ tocicans () v drta)

/ / Logeozf'(t) dt dy(z).

We switch, and use the fact, once again, that ft+°°a: dvy(z) =
42

e 2 to conclude :

/ 2f(x) dy(z) = / () dy(o).
R R

That is the wanted equality.
Suppose that the real random variable N satisfies the condi-
tion (ii). There are two ways to prove the reciprocal sens.
For f(z) = z™, we have :

E[N"*!] = nE[N""].
Since for f(z) = 1, we have E[N] = 0, and f(z) = z, E[N?] = 1,
it means that N admits moments at every order, and by the induction
relation, N admits the exact same moments as a Gaussian N(0, 1).

We just have to show that it means that N follows A/(0,1). To do
this, we compute the characteristic function of N. By Fubini,

2nt2n 277,)'
(2n)! 27!’

1tN

This leads to

Corollary 1.1 : Stein’s lemma for general Gaussian

Let N € L?, € R and 02 > 0. Then the following assertions are equivalents :

(i) N follows the law N (1, 0?);

(ii) For all differentiable f : R — R such that E[|f'(NV)]] is finite, then E H

N _ N ()"
B[] =D
n=0
By Lévy's theorem, N ~ N(0, 1).
Let us show that the characteristic function of NN is the one of
N(0,1) by getting a differential equation. Let ¢t € R. For f = cos(t-),
then E[|f/(N)|] < 400 and we have :

=t
= e 2

tE[sintN] = —E[N cos tN]
Same for f = sin(t) :
tE[costN] = E[N sintN]

Hence,

tE [eitN] =E[N (sintN —icos(tN))] = —E [iNeitN] .

Since N € L' (by taking f(z) =
characteristic function of N :

1), we have, with ¢x the

P (t) =iE [NeitN} .

Finally, we get the differential equation :
P (t) = —ten(t)

with initial value equal to 1, so we have

t

SON(t) =e 2,
meaning that N ~ A(0,1).

N—Qﬁf(N)H < 400 and

Proof : [—] We suppose that N ~ N(y,02). Let Z = M=£
N(0,1). Then by Setin’s lemma, for all g : R — R such that

Ellg'(Z)|] < 400, we have E[|Zg(Z)|] < +o0 and

Elg'(2)] = E[Zg(2)].
Let f : R — R derivable such that E[|f/(N)|] < +oo. We define

def.
9(z) = f (02 +p).
Then g is derivable, with ¢’(z) = o f'(cz + ) and

E [lg'(2)]] = oE[lf'(N)]] < +oc.
Hence, we have E[|Zg(Z)|] < +oo, so :

E(129(2)]) =B || 100)|| < +oc,

and we also have

Elg'(2)] = E[Zg(Z)).
It rewrites here as :

omlf (V)] =2 [T

This concludes the direct implication.

[<=] Same idea as the direct implication. We define Z as the
direct implication. Let us show that for every g : R — R derivable
such that E[|¢’(Z)|] < +oo then E[|Zg(Z)|] < 400 and

E[Zg(Z)] = El¢'(Z)].
This would implies that Z ~ N(0,1) by Stein's lemma, and so
that N ~ N (i, 02). Let g derivable with ¢’(Z) € L. We define like

before
def. T —
s g ().
o
Then f(N) = g(Z), f'(z) = 2g' (%5£). So, E[|f'(N)[] < +o0,
and by hypothesis, it means that
N —
E [ r H < +o0.
So, we have
N —
B(120(2)] = o [| S22 1| < +oc.
Finally, by hypothesis, we have
N —
B[] =& [ 25w
In terms of g, it means that
1, 1
2E[¢(2)] = ~E(Z9(2)).
o o
So Z ~N(0,1), and N ~ N (i, 0?). O
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Corollary 1.2 : A first step to multi dimensional Stein’s lemma

Let C € ST (R) and N = (N1, , Ng) ~N(0,C). Then, for all f € CL(R?) and for all i € [1,d] :

d
of
E[Nif(Ny,--+ ,Na)l = Y Ci;E {%(Nh“' Na) | -
j=1 /
Proof : 1. We do first the case where C' is diagonal. We note Then, by the diagonal case, the integral gives :
A1, -+, Aq the diagonal entries of the matrix. Then (N1,--- , Ng) are
mutually independent. So :
E[N; f(N)]
. d
E [N f(N1, s Na)] o, _ Zw A / dg (y)e—le’D—ly) dy
=5 = 1,3 7j o :
N dn gt rd Oyj \/(27)? det(D)

- /RH]E[Nif(xl,... ,Ni,‘..,xd)]jl;[i T T

Where dz; means the product of dz; without the the term dx;.
By Stein’s lemma in the one-dimensional case, we get :

Hence, we are in the situation :

dy

/@r)ddet(D)

E[N;f(N)] = ODV e (WD)
E[Nif(Ni,--- , Ng)| [Nif ()] /Rd[ a@)l;

(x17"' ,Ni,...,de)]

; E
* Jra-1 ) oz; Since OD = CO, we have :

E VA Vemt EINf(N)] = [ | [COVg(w)], e D7) — 22
]Rd

And so (27)d det(D)
0 We have by differentiation of composed functions :
E[N;f(N1, -, Na)] = ME [85-(N1’.'.’Nd)]' Y P
1
2. In general case, we diagonalize C = OD!O, with O € O4(R). Vf(z) = OVyg(y)
We have
v Hence, by using again the change of variable x = Oy, we have :
- - d
BN = [ wuf(@)e™ 07—
Rd 2m)d det(C = - d
(2m)? det(©) E[N; f(N)] :/ CVf(@)eT @0 o
We have Rd (2m)d det(C)

(,C 7)) = (O~ 1z, D710 12).
We set the change of variables y = O~lz. We note w;,; the
entries of the matrix O. We set g = fo O~ L.

And so we proved that

d
EINS(N) = 3 CiE [Sjm} .
J

dy j=1

(27)2 det(D) This is the desired conclusion. O

We can express a Stein lemma for higher derivative order.

d

-1 -1

BN (V)] = Y s [ waweT @07
Jj=1

Corollary 1.3 : Hermite-Stein lemma

~

Let N a real random variable, and m € N*. The following assertions are equivalents :

(i) N follows the law N(0,1);

(ii) For all k € [1,m], for all k times differentiable functions f : R — R having all its derivative having at
most a polynomial growth, we have E[|H,,(N)f(N)|] < +o0 and

E[Hu(N) f(N)] = E[Hp—(N) S ()],

Proof : For this proof, we note S¥ the set of functions which are e We claim that is it enough to prove it for kK = 1. Indeed, let
k times differentiable having, for it and for its derivatives, at most a k € [2,m + 1], and f € Sk. Since N is Gaussian,
polynomial growth.

[=] We proceed by induction on m. The case m = 1 is the E[|Hm+1(N)f(N)]] < +o0.
Stein's lemma. For m > 1, we suppose that (ii) is true. Let us check
(i) for m + 1. Since :
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We suppose (ii) = (i) for m > 1. We suppose (ii) for m+1 : for
every k € [1,m+1], and g € S*, we have E [|Hyp11(N)g(N)|] < 400

E [Hpi1—k(N)fF(N)] = B [Hyy— ooy (N FF (V)] and
h by induction hypothesis that :
we have by induction hypothesis tha E I:Hm+l—k(N)g(k)(N)] —E [Hm+1(N)g(N)] .
E [Hypg1x(N) R (N)] = E [Hn(N) (V)] We want to prove that N ~ A(0, 1). By induction hypothesis, it is
enough to prove that for every f € S¥, we have E [|H,, (N)f(N)|] <
If we prove the case kK = 1, we could conclude that 400, and
(k) _
E [Hypg1x(N)f®(N)] = [Hupi1 (N) F(N)]. E [Hypoc(N)fP(N)] = E[Hn (N)F(N)].
e Let us prove 1_:he kE = 1 case. Let f € S'. Hence, since For the finite expectation, we just need to see that the hypothesis
N ~ N(0,1), N admits moments at every order, and so for m + 1 case implies that N admits moment at every order, so
E[|Hm (N)f(N)]] < +oo. E[|[Hm(N).f(N)]] < +oo.
Using the fact that f has a growth at most polynomial (no bound Let F(x) = jg” f(t)dt. Then F € Sk+1 and F’ = f. By applying
terms), and the fact that our hypothesis for k =1, and g = F € S¥+1 C S, we have
dm _z2 _z2
e [f} = () Hp(2)e 5, E [Hun (N)(N)] = E [Hm1(N)F(N)].
x

) ) Since F € Sk+1,
we have by integration by parts that

E [Hpt1(N)F(N)] = E [Hn(N) f/(N)] . E [Hyn(N)f(N)] = E [Hp i1 o) (N FETD (V)]
So we proved the case k = 1, and so (ii). Which gives in terms of f :
[<=] We proceed once again by induction on m. For m = 1, this
is not exactly the Stein’s lemma, since we consider a smaller set of E[Hm(N)f(N)] =E [Hm_k(N)f(k)(N)] .

function. But, nevermind, the proof is the same, we just use the fact o ] ] ) ]
that every polynomial (or the cosine and the sine) belongs to S°° (the This implies by induction hypothesis that N ~ AN(0,1) and
intersection of the S’“). Hence, the case m = 1 is proved. concludes our induction. O

The idea is the following : how far a law is from a Gaussian law ? To know it, the lemma will help us : we want
to measure how far a variable satisfies the Stein’s lemma, that is : if ' a is random variable satisfying

E[f(F) - Ff(F)] <1,
is F close to a A(0,1) law ? This is why we try to solve the Stein’s equation.

Definition 1.1

Let N ~ N (0,1), h : R — R a measure function such that E[|h(N)|] < +oo. We call Stein’s equation the
following ordinary equation where f is the unknown and is absolutely continuous :

f'(@) — 2 f(z) = h(z) — E[n(N)].

In our case one-dimensional case, the solution is easily known.

Proposition 1.1 : Solution of the Stein’s equation a\
The set of the solution of the Stein's equation is an affine space of dimension 1 given by :
PR
f(z) =Ce™ + fr(x),

where C' € R and fj, is the unique solution satisfying

e_;c2 fo(z) —— 0.

z—+oo

It is given by

64 Jérémy ZURCHER



M2

Part II - Stein’s method

Proof : e A quick way to prove it is to multiply the equation by
2

=
e 2 and see appear a derivative :

% [e = f(:x):| e < (h(z) — E[h(N))]).

Since we suppose that E[|h(N)|] < +o0, then
42
[ nwle ™ ay <+,
R

and we can integrate it from —A to z, with A > |z| :

x y2

e#f(a:):e#f(—/l)—i—/ e 2

—A

(h(y) — E[R(N)]) dy.

Since the integral terms admits a finite limit when [A — +o0],
2

—A
then the case of f(A)e™2 . Hence, we can define

_ A2

et e 2 f(A) < 4oo.

C = lim
A——o0

The constant C only depends on f, and we have :

f@=ce% 1% [* e (i) - BN .

— 00

Conversely, every function of this type solves the Stein’s equation.

e The function fj, is solution, with C' = 0. Moreover, for every
reRandyeR:

e (h(y) — E[R(N)]) Ly<ay | < e 2 |h(y) — E[R(N)]],

which is integrable on R. By dominated convergence, we conclude
that :

fn(x) — 0.

T—r—00

Moreover, in +o0o, we have

[ e ay=mman [T

— 00 — 00

dy.
Hence,
fh (.T) —F 0.

xr—+o00

e Finally, if we suppose that g is a solution going to zero at +oo,
then there exists C' € R such that

1,2
9(@) — fr(a) = Ce™T .
The left hand side is going to zero at dco. This the case of the
right hand side if and only if C = 0, so ¢ = fj. There is an unique

solution of the Stein's equation going to zero at too. O

Here’s the deal. We want to measure how far a random variable is from the law A(0,1). To do this, we introduce
the following distance.

Definition 1.2

h(F),h(G) € L', we have :

d?—[ (F7 G) déf'
heH

Let X be a subset of F(R,R). We say that H is separative if for all random variables F,G such that

Vh € H,E[h(F)] =E[h(G)] = F = G.
In this case, we define for all random variables F, G such that h(F),h(G) € L for all h € H :

sup [E[2(F)] - E[A(G)]]-

law

By the previous proposition, we immediately have the following corollary.

Corollary 1.4 : Distance and Stein’s equation

Let F' a random variable and N ~ N(0,1). Then, if H C {h: R — R, E[|h(N)]] < 400}, we have

dy(F, N) = sup B [fn(F) — Ffu(F)]].

In other words, the supremum does not contains explicitly N.

1.2 Some estimations of the distance for different class of functions

We will here explain the different spaces H we could take to estimate the previous distance. In particular, we
will prove Stein’s bound we used in the precedent part for Poincaré’s second type inequality for the one-dimensional

case.
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I.2.1 Total variation distance

Definition 1.3
We set d € N* and

H={15,BeB(R?)}.

The total variation distance is the distance in law for this space H : for all random variables F, G,

drv(F,G)E sup |P(F € B)—P(G € B)|.
BeB(RY)

If d = 1, the definition is equivalent to

dry(F,G) =sup |P(F < z) — P(G < z)|.
z€R

We can estimate a first Stein’s bound for this distance.

Proposition 1.2 : Stein’s bound for total variation distance N

i. Let h: R — [0, 1] a measurable function. Then, there exists a version of f; such that we have :

™

ii. We note Frv the set of all absolutely continuous functions on R bounded by \/g and such that there
exists a version of their derivative bounded by 2. Then, we have the following Stein’s bound, for F € L' and

N ~N(0,1) :

drv(F,N) < sup [E[f'(F) - Ff(F)].
fe€FTV

Proof : i. Since on R_, so that S is the product of two positive increasing func-
tions so S is increasing on R_. We conclude that for every z € R,
@ —y? +o0 —y? S(xz) < S(0), and so that
[ ) B dy =~ [ (hw) - BRI a,
— 0o x
T
since the integral over R is zero, we have, by distinguishing the lfrllee < 9"

cases where < 0 and = > 0, and since |h| < 1: )
For f}’L we use the differential equation satisfied by f;,. Since h

P takes its values in [0, 1], we have :
[fo(@)] <e2 / ez dy.
|| 2 oo 2
We call S(z) the right hand side. Let us show that S admits its |, (2)] < |zle = e 2 dy+1.

maximum at 0. We have ||

We use the same bound trick as before :

too 42 ™
S(O)—/0 e 2 dy—\/;. oo

2
/ z_ —y-
To do this, we compute the derivative for x > 0 and z < 0. For [fr(x)] < e o] ye 2 dy+1.
z >0, T
We can compute this integral, and we obtain finally :
22 [TO0 42
S/(x):zeT/ e 2 dy— 1.
x

Using the fact that the bound of the integral starts in = :

5] <2

ii. We already have the estimation by Stein's equation :

, 22 [T0 42
S'(z) < e /z ye 2 dy-—1. drv(F,N) = sup |[E[f,(F) = Ffu(F)]|
. . h=1p
We can compute this integral : BeB(R)
22 22 H — n’ i i —
S'(@) <eFe T —1=0. diateB.ut, if h =1p, fr € Fpvy, so the Stein's bound is now imme
Hence, S is decreasing on R. We do the same on R_. S has the
expression drv(F,N) < sup [E[f'(F) - Ff(F)]|.
22 [T g2 feFrv
S(x)=e /_Oo e dy This concludes the proof. a
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1.2.2 Kolmogorov distance

Definition 1.4
We set d € N* and

d
® 1]—oo,z1-]a zi €R
=1

The Kolmogorov distance is the distance in law for this set . In other words, for all random variables F), G :

def.
diol(F,G) = sup FGII —00,%] | =P GGII — 00, 2]
0( ) 21, ,24€R ‘

Then, we can see that dk, < dry. We can have a better Stein’s bound.

Proposition 1.3 : Stein’s bound for Kolmogorov distance ~

i.Llet z€ Rand h =1)_, . We set f. = f,. Then, there exists a version of f. such that we have :

v
1ol < /5 and 17 <1

. We note Fk, the set of all absolutely continuous functions on R bounded by and such that there
exists a version of their derivative bounded by 1. Then, we have the following Stein’s bound, for F € L' and
N~ N(0,1) :

dKol(FvN) < sup |]E[f,(F) _Ff(F)“
fe€FTv

A very nice property of this distance is the following : under a condition of continuity of a cumulative distribution
function, the Kolmogorov’s distance allows to put a metric on the law convergence.

Theorem 1.1 : Kolmogorov distance and convergence in distribution

(i) If a sequence of random variables converges in Kolmogorov sense, then it converges in law.

(ii) Let (X,,)n a sequence of random variables, and X a random variable such that its cumulative distribution
function ® : z — P(X < z) is continuous on R. Then (X,,), converges in law to X if and only if (X,,),
converges to X for diko.

Proof : (i) This is in fact the case for every distance we present by composition of continuous functions. By second Dini's theorem, it
here. The fact that the cumulative distribution functions converge to means that
an another cumulative distribution function at every point of conti-

nuity is equivalent to the convergence in distribution. sup  |fn(z) — f(z)| — 0.
H n—-+oo
(ii) We know that ze[ = ,2]
P(X, <z)—P(X <x) — 0, Since at the bounds, the quantity inside the supremum is zero, we
n—+oo have :

for every x € R, and we want to prove

sup [P(X, < #) — P(X < )| —— 0. sup [P(Xn < tanz) — P(X < tanz)| —>n%+oo 0.
z€R n—+oo xe] =5 [
That is proving uniform convergence from simple convergence.
To do that, we use Dini's theorem. So, we set on a compact. More Finally, since tan is a bijection between ] —Tw7 g [ and R, we finally

precisely, if we consider have what we expected :

0 if z=7% sup [P(Xpn < 2) —P(X < 2)] ——— 0.
- T 2 n——+oo
fn:x€ [—,7} — ¢ P(X, < tan(z)) if xe]%ﬂ',g[ z€R
22 1 if z=3 That is
and f like fy but for X, then (fn)n is a sequence of functions dico1 (Xn, X) 0.
that converges pointwise to f on the compact [ > g] and such that n—r+o0o
for every n € N, f, is an increasing function. Finally, f is continuous So this proves our equivalence. O
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We can explicit a counter example if the cumulative distribution function is not continuous. We have

with §p having a non continuous cumulative distribution function. And we have for all n € N* :
dicor (31,80) = sup |1 —1 ~1.
Kol 1,00 igg {zgi} {z<0}

So the distance cannot go to zero.

I.2.3 Wasserstein distance

Definition 1.5
We set d € N* and

the set of all function A : RY — R which are 1-lipschitzian. We call Wasserstein distance the distance in law
associated. We note it dvy.

Proposition 1.4 : Stein’s bound for Wasserstein distance ™

i. Let h: R — R a K-Lipschitz function. Then f;, € C*(R), we have, if N ~ N(0,1) :

+oo e—t

T) = — —F [Nh (e_tx + 41— e—QtN)} dt.
Mo ==, Jiew

Finally, we have [|f; ]|, < K\/g

ii. We note Fyy the set of function C' on R such that their derivative is bounded by \/g For F € L? and

N ~ N(0,1), we have

dw(F,N) < sup [E[f'(F)— Ff(F)].
FeFw

Proof : We could simply check that the left hand side satisfies However, the convergence of this integral is not guarantied under
the Stein’s equation and the limit condition, like do the reference. We  our hypothesis. That's why we will introduce E[h(N)] = Pxh, and
will actually derive it, by doing before an analysis step. The idea is to  define
use Malliavin calculus, in dimension 1.

e Since def. [T°
Fu@) 2 [T B - Peh(o)) d.
0
12 x 2 . .
fu(@) =ez / (h(y) — E[R(N))) e 3~ dy, Let us show that F}, is well-defined. Let
and since h is continuous, f}, is indeed C*. def. Foo ¢ Yy
o With the notation of the chapter | of the part about Malliavin (A) = o E||MN) —hleT o+ /1—e 2N :
calculus, if we consider F}, a antiderivative of fj, then the Stein's Then, since h is K-Lipschitz, we have

equation writes, if we suppose Fj, € S :

LFy(2) = h(z) — E[h(N)] (A) < K /O g H (1-Vi—em) vt

But, by the tricks we used in this chapter, we have

-

We cut in two :

+oo dPh too oo
h(x) - ]E[h(N)} - POh(m) - Pooh(m) - _/0 dt (:l‘) dt. (A) < K|I|/ e—t dt + K]EHNH/ (1 —x/1 = e—Qt) dt.
0 0
By relation between derivative of P; and L : We can up-bound the second integral, since
h(z) — E[h(N)] / " LAhG@) a v/ g
z) — = — »h(x . 1— 1—e 2t = <e “f
0 1+VI—e 2
Hence, a possible definition of F} would be Finally,
+oo K /=«
Fp(z) =— Pih(z) dt. (A) < Klz| + V3 < +o0,
0
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so F}, is well-defined. Hence, we just need to differentiate to define which is integrable on R4.. We have as a consequence by differen-
fn: tiating the integral :

fn(z) def /O+00 e 'E |:h/ (e_tz + MN)} .

We can indeed define h/ since h is Lipschitz. Then, by Stein's
lemma for the map

~ 2
|F'(@)] < K&y /=
T
So f,’L is bounded by K\/g and so Fj, € D(L). As a conse-
y—h (e’tm +1/1- e_Qty) s quence, f}, satisfies the Stein’s equation.

we have our expected definition : e To be sure that fh is indeed f;, we have one last thing to
check : the fact that

fn(x) dif/ \/— [ (e”ﬁ:—i—@N”. B

e 72/ fn(x) —— 0.

We just need to do the synthesis step to conclude. z—Fo0
o With such a definition, we just need to show that Fj, is indeed
in the domain of L. To do this, we will show that F}, isin fact in S. To But, this property is true by the bound we just give for f}/L .

stay consistent, we write f), the integral function we just defined be-
fore, and E), the anti-derivative. f, is C1, by dominated convergence,

since : ~ ~ 2
[fn(@)] < [fr(0)] + K\/lel-
—2t
d

—2t
€ / —t /1 — e—2t < 367 .
T ot h (6 rtyl-e N) H S Ky 1= o2t So we finally have f, = f5 like expected. 0
1.2.4 An application for centered Gaussian

We can apply those bounds here for Gaussian random variables.

Proposition 1.5 : Estimations for Gaussian random variables

Let 01,09 > 0, Ny ~ N(0,0%) and Ny ~ N(0,05). Then,

(i) For total variation distance :

2

drv(Ny, No) L —————= 2
() S g gy 11

}‘7% — 02
(ii) For Kolmogorov distance :

dko1(N1, N2) < 2y |01 |

max{crl,

(iii) For Wasserstein distance :

2 1
dw(N{, No) <4/ =2——— |62 — 52].
w(lV1, N2) V 7 max{oy, o9} |01 02|

Proof : Let Ny ~ N(0,1), and we suppose that o1 < o2. The

idea is to use the fact that No faw o2 Ng, and use Stein’s bound for a E Hf’ (%) H <2 < Ho0.
Gaussian. By Stein’s lemma : ’
(i) Like we just told, we have
drv (N1, N2) = drv(N1,02No). E [f/ (&” =E {02]2\[1 ! (Nl)} :
Since the map B — o2B from B(R) to itself is a bijection, we 72 71 72
have Since we know that f’ is bounded by 2, we express everything

only in terms of f’. Here, we get :
Ny
drv (N1, N2) = dtv (7 No)

Now, we just use the Stein's bound for total variation, and com- drv(N1, N2) < sup
pute thanks to Stein's lemma all the quantities that appear. We have feFry

And so,
N N N
a2 < s [ |5 (22) - 22p (21)]] 2
feFrv 02 g2 02 dTv(Nl,NQ) <2(1-— (*) .
02
N 2
Let f € Frv. We have 721 ~N (0» (%) ) and (ii) This is essentially the same argument. We have again :
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Ny

o2

dpv (N1, N2) < sup

FEFKo1

aqc

N1
@)
o2
This time, f’ is bounded by 1, so it gives :

drv (N1, N2) < (1 - (2)2> .

(iii) For Wasserstein distance, it is not true that

1
dw (F.aG) = dw (£ F.G),
@
since the map h — h(a) does not takes values in Lip(1), but in
Lip(«). It does not matter, we can do nevertheless the computation
in this case. Hence, by our little argumentation, we have
sup

e E [g (%) - g(No)]

dw (N1, N2) <

follows that by Stein’'s equation :

dw(Nl,NQ) < sup

fEClﬁLip(\/gog)

By Stein’s lemma,

=l (@) -2 Gl

dw (N1, N2) < sup

seciuo( y/Zo

And so,

dW(N]_,N2) < o2

B

By the proposition about the Stein’s bound for Wasserstein dis-

tance, if h is K-Lipschitz, then fj, is C' and K\/g—Lipschitz. It This show our estimation.

In fact, we can explicitly express the Kolmogorov distance for two centered Gaussian variables.

Proposition 1.6 : Kolmogorov distance for Gaussian variables

Let 01,09 > 0. Then

2
03

2
09 o1 o
W7 ln(—2> —®| 5= 1n<—3> :
oy — 07 @il 05 — 07 7l

where ®(z) = P(N < x) is the cumulative distribution function of A(0,1).

dgo1(N(0,02),N(0,02)) = ®

Proof : We suppose that ;1 < o2. Then if we define the function

22 = 20{03 )
fizr—P(N;y <z)—P(N2 < ), ‘7%_‘72

. . T Finally, let us notice that
then f is differentiable on R. Its derivative is given by

b

diko1 (N1, N2) = max {

2 sup f (@), — sup f (¢)
\/%f/(x) = — 291 _ 295 . x>0 <0
g1 02 Since f is odd, we have finally that the supremum is taken on

Then, f'(z) is null if and only if (we suppose that o1 < 02) : R, and so the value of z is known. O

1.3 Berry-Esséen theorem and Central Limit Theorem

We want to precise the convergence in law for the CLT. The Stein’s method allows us to do it for the Kolmogorov’s
distance, if we add the hypothesis of being in L3.

Theorem 1.2 : Berry-Esséen theorem

\

Let (X;); a sequence of real random variables L? which are independent and identically distributed. We suppose
that E[X;] = 0 and E[X?] = 1. Finally, we set

Then,

CE [| X1 *] .

dKol(Sn,N(O,l)) < \/ﬁ

Since the convergence in Kolmogorov sense implies the convergence in law, this proves the Central Limit Theo-
rem.
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Proof : The first idea would be to take h = 1]_ .}, for z € R
and directly apply a Stein’s method. With a few computations quite
close to those we will perform later, we would have to estimate

|E [A(Sn) — h(S3)] |

; I
where S} = Sn — - X; E 5, 1.
continuous, a satisfying estimation is quite hard to derive. Here, "sa-

tisfying" means finding an estimation in the form O ( ) a > 0. For

our theorem, a = % would do the trick. To avoid this problem, we ap-
proach h by an absolute continuous function, and compute everything
with this approximation. We will show that we can find the result for
h after all. Here's the plan.

1. We set z € R, and € > 0. We consider h_ . like :

Since h is not absolutely

Then, we have, for all n > 1 and if N ~ AN(0,1) :

4e
dKOl(SnvN) \/j"’ilé%‘ﬂa[hz E(Sn)—hz E( )“
2. Let
o, o sup MSEN)
(X1, ,Xn)E4,  E[X1]7]

where
Xy, , Xy, iid
Ap =< (X1, ,Xn) € L3(Q)" E[X:] =
E[x?] =

Then C\, < /1.

3. By a Stein’s method, we have the estimation for 1. :

4e " AE [|X1|3]
V2 vn

4. We optimize in g, and we conclude that C, < ay/Cpr_1 + 3,
and so that (Cy)r is bounded. This will conclude the proof.

Let us begin the proof of the Berry-Esséen theorem.
1. By definition of h e, we have the inequalities :

BCr1E [|X1]%]

En

dKol(S'ru N) <

hz+5 =

hz—s,s < 1] c0,z] X

Indeed :

So we have the inequalities :

E [hZ—E,E (Sn)] <P(Sh < 2) <E [hZ+s,s(Sn)] .
o Let us try to show the same inequality for N, but with reversed
roles. To do this, we want to estimate

Ac dif E [hz+e,s(N)} -k [h‘Z*E’E(N)} :

To do this, we use the expression of h_  :

z+e

— T
hzvﬁ(x) = 1]700,276] (I) + (T) 1]zfi,z+a]('r)'

So, we have :

Ae
= P(N<z)-P(N<z-¢)

2%
+ Epeon< z+2£)——IP’(Z—2a
25 2e

— 7E [N1{2<N<z+2€}j| + ]E [N]-{z 25<N<z}]

N < z)

We write as an integral and arrange it :

Ac
z42e
= p(z) dz
z—2¢
1
2

: </Zz+5(z —z)p(z) dz — /;QE(Z —z)p(x) dx) ,

where p is the density of A/(0, 1). The terms in z —z is lower than
2¢ in absolute values. So :

+

z+2¢e
1A < 2/ o(z) da.
Jz—2¢
Since |p| < \/%, we finally have :
4e
Ag| < .
|Ae] or

e So we can conclude on the inequalities on P(N < z). We have

E[hsmz.e(N)] < B(N < )
So, by in terms of A,

<E [hz+6,e (N)} .

Ehete,e(N)] — Ac KP(N < 2) Efhz—c(N)] + A.

And by the work done before :

E[hosec(N)] — -5 < P(N < 2) < E [hae.o(N)] + —E
z+e,e - X X?)x z— .
+e V2 oF V2

Finally, we have

4e
E [hZ—E,E(S’ﬂ)] —-E [hz+E,E(Sn)] + 5
T
4e
< E [hz+s,6(sn)] —E [hzfs,S(Sn)] - m
So, we proved that
e
dko1(Sn, N) < sup |E[hz4e,6(Sn)] —Elhz—cc(Sn .
Kol ( ) zeF)Rl [h2te,e(Sn)] [hz—c,e(Sn)] N

2.1f (X1, ,Xn) € An, then we have by Jensen's inequality :

E[|1X:*] <E[X}]

Moreover, we have dk, < 1. So, we have C,, < y/n. This doesn’t
proof that (Cp)r is bounded, but this estimation will be helpful.

3. For more easy notations, we note h = h. . and f = f}, the as-

sociated solution of Stein's equation. By the proposition about the es-

timation for Kolmogorov distance, f is C1 and satisfies || ., < \/%
and ||/l

3
2 =1

< 2. Then, by Stein’s equation :

E [h(Sn) — B(N)] = E [f'(Sn) = Snf(Sn)] -

In terms of (X;); :

E[h(Sn) —

w-3oe[L

We make appear with f the derivative f’ thanks to the random
variable

()]
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i def i
T e T R
J#i
The idea is to find a recurrent inequality on C), to prove that this
sequence is bounded. We can have access to this with S¢ which is
equal in law to S, —1, up to a factor. The rand variable Sfl is inde-
pendent of X, so

E[Xif (S5)] =0

So, we have :

T (550 -7 (1))

There exists a random variable 6 independent of (X;); such that
U([0,1]) and :

f80 -1 (51) = 21 (si+22).

E[h(Sn) = h(N)] = Y E [@ _
i=1

So, we have :

E[h(Sn) — R(N)] = %g [ £/(Sn) — X2f' (S:‘L 9\2)}

We now use the differential equation satisfied by f/. We note

def.

fla) = af(x)

Then, we have :

E [(Sn) — h(N)]

S e )
+ n;E[h(Sn) h(s’+9)i)}

- % ZE [1- X2 E[a().
i=1

Since E[X?2] = 1, the last term is zero. Since X; is independent
of S , we have

E[XZF(sn)] =E[F(s0)]-

Same for h. We cut in four the expression :

E [h(S) ~ h(N)

" i=1
N i“E[XE (f(S;) f(sl Hfﬁ))]
N % - E[h( n)—h(SZ)]
=1
N i;E[xf(msz)—h(Sfﬁefé))]
We write
E [A(Sn) — h(N)] = %i{(AH(BH(C) O

i=1

We treat one by one each term.

A. We will the following inequality, using the bounds satisfied by

f:

1F@) = @) < /51— vl + 2lalle — ol
Here, we get for (A) :

A < \/ZE[5n - 53] + 2|5k

By Cauchy-Schwarz on the second term :

) < /B 10 + =B [|si ]

We have E[X?] = 1 and by triangular inequality, E ’S’
We finally have the following bound for (A) :

@<= (2+4/3)-

B. We use the exact same inequality.

B < /B [01X:] + —=E [01X: S]]
7R

By mutual mdependence of 0, X;, and SZ, we have :

B < /B[] + %E EEREEA!

And since E[|S}|] < 1, we have the inequality :

L ).

I(B)l < NG

C. This estimation is the point that makes the use of h . instead

of directly use the indicator function, like we said in the beginning of
the proof. Indeed, we have the equality :

Si— Sal] -

1

FE[XE]%.

1

2\1.

1
h(y) — hz) = (y - 2) /0 W (z + s(y — )) ds.

The derivative of h is zero except on [z —¢, z+¢] where it is equal
to 5=. We write as

—x -

E [l[z—e,z+5] (:E + 9(y - I))} )

h(y) = h(z) = *—

U([0,1]). So, we have
0X; ; 0x;
]P’(z € — \/F: <8, <z+e— \/ﬁl)
1, we have the following inequality :
t ; t
sup ]P’(zfsf—y §5;<z+57—y>.

25f te[0,1] vn h Vn

yER

where 6 ~

[IX 1

(Ol <

Since E[| X;]]

(O <

This supremum may look scary, but we can in fact estimate it in
terms of the Kolmogorov distance of S?, with A/(0,1). Knowing the

fact that S% o \/ "TASn,l, we could conclude. Let N ~ A(0,1).
Let a < b. Then :

P(a < S < b)
- 1P>( D < Spo1 < n b)
n—1 n—1
- ]P’( " _L<N< n b)
n—1 n—1
n n
P <N b
+ ( nfla nfl)

Since N ~ N(0,1), the third term is easily estimated. The two
first can be estimated in terms of Kolmogorov distance :
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o We can go back to the estimation of E[h(Syr) — h(N)]. We

; N b—a ) estimated the four terms that appeared in the estimation we made.
Pla < <b) < —15 )1 . . . . 3
(@< Sp < b) < dior(Sn—1, N0, 1)) + Vor Vn—1 We write as increasing powers of M\/}LH.
Going back to (C), we have for all ¢t € [0,1] and y € R, and by IE [A(Sn) — h(N)]|
definition of Cj,_1 : L " L
us
_ w < H(rvErS)
Plz—e——=<5, < - —= E[| X3
(Z ST m SPonSETeE ﬁ) + 7[‘¢%‘](1+\/§+—\/}17>
3
< %LW + 2 n + C"rfl]E[‘le]z (L + L)
h Vn—1 V2rVn—1 en V2 2v2)”
Hence, we have : We simplify the constants (we need them explicitly) by taking their
c E [1X: 3 upper integer part. We also use once again the fact that 1 < E [\Xl |5]
1(O)] < n-l [| ! } 1 to finally have the estimation :

+ .
28\/n(n -1) \/27r(n -1)

Finally, by using n — 1 > % and E [|X1\3] < E [\X1|3]2, we

6E[|X17]  2Cn_1E [|X1 ]
have : |E [2(Sn) — R(N)]| < + -

vn en
I(C)] < Crn—1E [‘Xl‘s]Q i 1 This estimation is independent of z. So, we have proved that
h V2en N
estinliti\é\:leofihteh?ncs:i?n?e:izi:fazio(?: 1?(;5|rmc;<)Ifng§e:dv e have by the d S, N(0.1)) < 4e 2Cp—1E [|X1|3]2 6E [|X1|3]
Kol (Sn, N(0,1)) < m-ﬁ- e + NG

1
D))< ——=E|gX;? N 312
(D) < 2ev/n [ Xl ] 4. The optimization in ¢ gives € = W and

G6X; . 60X;
-IP(ZE <SS <z+e-— >

Ve vn 8CH_1E[| X1 3]? N 6E [IX1\3]

So, we have by independence of 6 with X : dko1(Sn, N (0,1)) < 2 o N .
1 So
D)< —=E|[IX;? '
O < go=E[xl]
ty ; ty
- sup P(z—a—— <8s <z+6——).
t€00,1) Voo v Vidkolsa N o) o [32001 g 4y/Cr_1 +6.
ver E[|X1]%] V2
By the estimati f thi de in C. t
y the estimation of this supremum made in %, we ge We consequently have the recurrent inequality :
(D)) < E[|X:2] [ CnoaE [1X:] L 2 n Cn <44/Cr1 +6.
dev/n vn—1 Var Vo —1 To conclude, we find the fixed point on Ry of z — 4y/z + 6.
W L . Here, this fixed point is lower than 21. We conclude by induction that
e write it as : Cyp < 21, for all n € N. Indeed, C; < v/1 by 2. (that's why we nee-
372 3 ded the constant explicitly, it was to prove the initialisation part of
I(D)] < CnaE [|X2| ] n E [‘Xl‘ ] the induction). So, (Chn)n is bounded, and we conclude that for all
45\/n(n—1) \/87r(n—1) neN:
. n .
And conclude usingn —1 > 3 : e (5a 0.1 < ANE [|X1|3}
2 Kol\Pn; ) X —
CoE[IX:P]7 E[IX:?] Ve
(D) < 2v%en + Ten This proves the theorem. O

I.4 A discrete version : Chen-Stein lemma and bounds

We did all our theory around the centered reduced Gaussian random variables. But, we can do the same in a
discrete case, for Poisson random variables.

[ Lemma 1.2 : Chen-Stein’s lemma ]

Let X a random variable taking values in N and A > 0. Then the following assertions are equivalent :
(i) X follows P()\);
(ii) For every bounded function f: N — R,

E[Xf(X)] = AE[f(X + 1)].
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To prove it, we will use a new method we could apply before. We will directly use the Stein’s equation. Here’s
the discrete version.

Definition 1.6
Let ACN, A >0, and Z ~ P()\). We call Stein-Chen’s equation the functional equality

Afa(k+1) — kfa(k) = 14(k) — P(Z € A),

where the unknown is f4 : N — R satisfies the initial condition f4(0) = 0.

Like in the Gaussian case, we can express a solution to this equation.

Proposition 1.7 : Solution to Stein-Chan’s equation B
The Stein-Chen'’s equation admits an unique solution given by :
falk+1) = P(Z<k,ZeA)-P(ZLEkP(ZeA)
A B AP(Z = k) '
Moreover, the solution is bounded :
)
sup sup | (k)| < -
ACN keN
Proof : We could prove it by induction, but it would mean that
we already knew the answer. Let us derive it. To do this, we introduce k
a sequence (¢n)p>1, With ¢1 # 0 such that Z¢j+1 (1a(j) —P(Z € A))
=0
Vk € N A ]k
€ N*, = =y . .
Such v, is given by j:O
-1 - D Bz =jPZeA).
Yn =1 ——. =0
(n—1)! 7=
Hence,

So, taking ¢, = P(Z = n — 1) do the trick. Thanks to this
sequence, we have for our functional equation :

k
D i1 (1aG) —B(Z € 4))
¥ 14(k) —P(Z € A) -
falk+1)— wkil fa(k) = Af = Jf»(g <k, Z e A)—P(Z < k)P(Z € A).

And we have our expression for f4(k + 1). Let us show that f4
is bounded. To do this, we use the fact that

So, if we introduce Auy = Un41 — Un, we have :

A(Talkyy) = L1 QA ZHZED), B(Z <k Z € A)<P(Z € A).

We have thanks to this :

So, if we sum, we have :
P(Ze AP(Z>k+1)

AP(Z = k)

[fa(k+1)| <

But, the sequence (%)k is decreasing. We prove it later

k
1 .
fa(k+ Dtprr — fa(0)9o = 2 Z Yit1 (La(i) —B(Z € 4)), on the following lemma by expending the probabilities. So, we have

j=0
A
k+1)] < —.
where g is arbitrary. Since f4(0) = 0, we are really close to our [falk+ D A
result, up to the computation of the sum. We have : This concludes the proof. O
We have everything to prove the Chen-Stein’s lemma.
If X follows the law of Poisson, and
f :N — R is bounded then oo An
_ AN
E(Xf(X)] =) nf(m)e =
n=0

The term n = 0 is zero, and for n > 1, the factor "n" simplifies
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with the factorial. We hence have : Then, if we apply it to f4 :

EAfa(X 4+1) = Xfa(X)] =0.
By Chen-Stein's equation :

T N )\n+1
EX QO] =) f(n+ e .
n=0
Meaning that
E[14(X)—-P(Z € A)] =0.
E[X f(X)] = AE[f(X + 1)]. In other words, for any A C N, we have
We set Z ~ P(A), A C N and f4 the solution of the Chen-

Stein's equation. We suppose that for every f : N — R bounded : P(Z € A) = P(X € A),

E[X f(X)] = AE[f(X + 1)]. this means that X 2 Z, so X ~ P(\).

Thanks to this, we are able to prove a Chen-Stein’s bound. Before that, a lemma which will be helpful for the
next proposition.

[ Lemma 1.3 : Difference of Chen-Stein’s solution ]
Let j € N. Then, for all kK € N* :

fiy(k+1) = fj3(k) >0 <= j=k.

We treat every possible cases. We have

(k) = P(Z = j) (]P’(ngfl) P(ngz))'

Aj(k) = Tk 41 = ) A APZ=k-1) B(Z=k
_ P(Z<k,Z=35)—P(Z<k)P(Z=5) We cannot unfortunately use the previous case since we don't
]P(ng—l,}P;(gz)i%)(zgk—l)ﬂ)(z:j) know if P(Z = k) < P(Z = k — 1), it depends on the position of
- NP(Z=k—1) : k with respect to A. So, we will just repeat the same argument to
If j < k, then conclude of the negativity of the second factor :
P(Z <k Z=j)=P(Z<k) (B BZsk=1) PZ<k)
and P(Z=k—-1) P(Z=k)

We have by expanding the terms :

It yield FEskmLE=N=RE =) (k—1) o= N Kl o= N
t yields to B _ 1 ¥R N
B =" D TN
P(Z=j) (B(Z>k+]1) P(Z > k) s =
Balk) = A P(Z=k) PZ=k-1)/)" We put the term in j = 0 of the second sum aside, and index the
Let us prove that the second factor is negative. We call it (A) : second sum to have the familiar sum :

k
W P(Z>k+1)  P(Z>k) - 1 [(k—1)! k7 kK
W= Bz=m BFzZ=k-1 (B)_Z/\’H’[ _f}_i_i
j=1

G-1 4 PUEEDLE
We expend in series the probabilities that appear :
It is familiar because it looks like the opposite of the sum (A), but
. _ n _ o . ) L L
Kl o N (k-1 o A it is not because if the indexes. (B) is indeed negative since :
(A) =% Z ! T
A 7! A 7! k
j=k+1 j=k (B) = k! 1 171 ﬂ
By indexing the sums, we get : N Me=i k(G —1)! 4! Ak
j=1
4 :
(A)_iv ( &l (k —1)! ) and we sum for j < k, so
N (k+)t G+k=1) k
j=1 (B) < k! { 1 1} k' —k!
But : SN LG gt AR R
k! _ 1 so (B) <0, and Aj(k) < 0.
(k+5)  (k+1D)(k+2)---(k+37) If j =k, we prove that Aj(k) > 0. We have
So:
P(Z<k,Z=k)=P(Z=k)andP(Z<k—-1,Z=k)=0.
k! < 1 _ (k=1) So
(k4! k(k+1)--(k+5—1) (G+k—1
So (A) < 0, and we proved that Ap(k) = 1-P(Z<k) PZ=kKPZ<k-1)
R ) NP(Z =k — 1)
If j > k. then Fay (k1) = fip (k) <O We can simplify using the fact that P(Z = k) = %P(Z =k-1),

(o]

P(Z<k Z=35)=P(Z<k-1,Z=j)=0. 1—P(Z<k)+P(Z<k—1) ~o

This time, we have Ag(k) = i &

This concludes the proof.
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Proposition 1.8 : Chen-Stein’s bound for total variation distance

i. Let A >0, and A CN. Then fa € U(\), where

Vij NSO = FG) < A=l ] }
<

m):{f:N_)R vk € N, | £ (k)|

By
ii. Let X a random variable and Z ~ P(X). Then :

sup [P(X € A) —P(Z € A)| < sup |[EANf(X+1)—Xf(X)]]

ACN FET(N)
Proof : i. Let us see first that if AN B = & then That is
faup = fa+ fB. X
As a consequence, we can write for every finite A C N : k +1 1 Y 1—e A
Y fath+ 1) - gay < TEZEED L L9 A :
A A
fa= Z f{a}- =t
acA We prove the inequality without the absolute values for every
e By the lemma, we have for a # k, fiqa3(k+1) — fra3(k) <0, A C N. We just need to introduce it to conclude.
so that we can consider the sum Y aca Fray(k + 1) = fray(k), o By additivity, we observe that for every A C N (and since
k#a — .
which could be infinite. Hence, we have by additivity, and positivity of fu = 0) that :
f k+1)—f k), whether k € A or not :
w D= oy ®) Falk+1) + fac(e+ 1) = FalR) + fac (0.
So,
a0 =Fa(k) <Y Flay (B+1) = Fray (B)+ Ly (B+1) = f iy (k) °
acA
ta Falk+1) = fa(k) = = (fac(k +1) = fac (k).
By negativity of the first term : Suppose that fa(k+1) — fa(k) <O, then :
falk+1) = fa(k) < frey (b +1) = frpy (k). -
By the computation of the lemma : [fa(k+1) — fa(k)| = fac(k+1) — fac(k) < :
Falk+1) = fa(k) < P(Z2>2k+1) i P(Z<k— 1)' _ Anfj if fa(k+1)— fa(k) > 0, the previous case concludes to the
A k inequality. We proved that for every k € Nand A C N :

And we expand the second sum :
1—e?
B(Z> k+1) k+1 [falk+1) = fa(k)] < X
Falk+1) = fa(k) < k Z So, by triangular inequality, it follows that f4 € W(\).
ii. By Stein’s equation :

We index :

P(Z5kt1) sup [P(X € A) — P(Z € A)| = sup [EAfa(X +1) = Xfa(X)]].
ACN ACN
k+1 k
Jalk+1) = fa(k) < )\ijfl)l
And since fa € U()), we have

Finally, we use the fact that k£ > j in the sum to have :

sup [P(X € A) —P(Z € A)| < sup |[EAfF(X+1)—Xf(X)]|.
P(Z>k+1) k +1) Z ]P’(Z > 0) ACN feET(N)

)\

falk+1) = fa(k) <
We proved our Stein’s bound. O

We can prove by this way our classic theorem about Poisson approximation.

Theorem 1.3 : Poisson approximation

Let (Y5)n a sequence of random variables, (p,)» a sequence of elements of |0, 1] such that :
(i) Y, ~ B(n,pn);

(ii) pn P 0;

(iii) npn T A>0.

Then (Y,,), converges in total variation sense (so in law) to P(X).
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Proof : We consider X7, --- , X! independent of law B(p» ) such

that

n
Yo=Y Xp.
k=1
And we consider V,, = Yn — X{L. Then for all f : N — R
bounded :

B f (V)] = Y kf(K) ()ph(1 = pa)" s
k=0

The term k = 0 is zero. Using the relation

-1
K =)
we get by indexing the sum :
n—1

EYaf (Vo) =npn »  f+1)("

LA 1k
k )pn(l—Pn)n 1k
k=0

law
In terms of V,, = Y,,_1, we have :

E[Yn f(Yn)] = npnE[f(Va + 1)].
Hence, by Chen-Stein’s bounds, we get, if Z ~ P(A) :
sup [P(Y, € A) —P(Z € A)|

ACN
sup [AE[f(Yn + 1)] = npnE[f(V + D]|.

Few(y)

N

By adding and substracting by AE[f(V,, + 1)], we get :

sup [P(Y, € A) —P(Z € A)|

ACN
< Al sup [E[f(Ya+1) = f(Va + 1)
few )
+  Inpn = Al sup [E[f(Va + 1|
few)

For the first term, we have for all f € ¥()) :

1—e 1—e X

EL/(Ya+1) = f(Va + 1]l < EIXT)| = ———pn.

Hence the first term goes to zero. For the second, we have for all
fFew):

A
e
[npn — Al sup |E[f(Va +1)]| < Y [npn — Al
f

ew(N)

so the second term also goes to zero. So, we proved that

sup [P(Y, € A) —P(Z € A)|
ACN

< (1 — e_’\) Dn + §|npn - Al

This proves our theorem. O

II Univariate normal approximations

II.1 General approximations in Malliavin calculus

In this part, we will estimate some distance with respect with the term (DF, —DL~!F)4, coming from integration
by parts formula for Ornstein-Ulhenbeck generator. We will see later why it is relevant to do so. We begin by a

lemma giving an expression of DL™!F in terms of (FP;);.

[ Lemma Il.1 : An expression of the derivative of the pseudo inverse ]

Let F € D2 with E[F] = 0. Then L~'F € D'2 and

+ oo
-DL7'F :/ e 'P.DF dt.
0

First, let us see that the decomposition in
Wiener chaos of L=1F is

—+oo

L7'F =~ Tk’
2.5
So,
+o0 Foo
> e [’JpL_lF}Q} =Y E[,F?].
p=0 p=1
So,

—+oo “+oo
> E [‘JpL’1F|2} <D E[5F?] < +oo.
p=0 p=0

We notice that L~ F is always in D2, whenever ' € D2 or
not. Moreover, we have the following decomposition in Wiener chaos
(in H) of DL1F :

+oo 1
DL-'F — Z; S Ip-1(DF).
-

On the other hand, we have

“+oo
PDF = Z e P, (DF).
p=0

So, if we integrate (and switch sum and integral in L2(Q — H)) :

+o0 = +o0
/ e tP,DF dt = Z / e~ @+t gt | 7, (DF).
0 0
p=0
We compute this integral (it is equal to ——) and conclude on

p+1

the equality we expect.
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Proposition Il.1 : Start of the game

N

i. Let F' € DY? such that E[F] =0 and E[F?] =1, and f : R — R of class C' and K-Lipschitz. Then

[E[f'(F) - Ff(F)]| < KE[|1 - (DF,~DL™'F),|].
ii. Moreover, if F' € D' then (DF, —DL_1F>H € L? and

E[[1 - (DF,~DL'F), |] < \/Var ((DF, ~DL~1F),).

Proof : i. We note : By Jensen inequality on the measure e_t1R+ dt :
dﬂ‘. / _ +oo
Since f is C'' with its derivative being bounded, we can apply 0

the integration by parts formula for the pseudo-inverse to compute We switch expectation and integral and use the contraction pro-
E[F(F)] : perty of (P;) :

(A) = [E[f'(F) (1- (DF, —DL’1F>H)] |-

+o0o
—1||4 —t 4
< .
Hence by triangular inequality, and since f is K-Lipschitz : E [HDL FHH] = /0 e 'E [HDF”H] de

. —t 35 ) .

(A) < KE Hl _ <DF,—DL_1F>HH 4 Since fR+ e~t dt = 1, we finally have :

. 1,4

<D;. ];NLeilsFLfgpose 2that F Eil]D) . 1llet us. prove th_at E {HDL—lFH;] <E [”DF”%{]
, — H € L*. We have L™ F € D"* too, since the series

Zn>1 nE[J, F*] is convergent. Then, we can compute the derivative And so :

of L=1F. By Cauchy-Schwarz, we have : L2 .

2 ) E {<DF, -DL~ F>H} <E[|DF|3,] < +oo.
—1 2 —1

E [(DF’ —DL F>H} <E [”DF”HHDL FHH] ’ We proved that <DF7 —DL*1F>H € L2. But, by integration by

By Cauchy Schwarz again, we have : parts formula, we have this time :

1 1 E |[(DF,-DL™'F)_ | =E[F?] =1.
E {<DF, ~DL'F)’ } <E[IDFII}]? E {||DL’1F||4 } ’. K o)

H H So, by Cauchy-Schwarz inequality, we have :
We can estimate the norm of DL~ F, by the lemma :

Nl=

oo 4 E [|1 - (DF, —DL*1F>HH < Var ((DF, —DL*1F>H)
/ e 'P,DF dt 1
0

s[Jo-siy] -2

” This concludes the proof. O

It is consequently possible to use our Stein’s bounds to have the following proposition.

Proposition 11.2 : Estimations for the different distances in terms of Malliavin calculus

Let F € D'2 such that E[F] =0 and E[F?] = 0% > 0. Let N ~ N (0,0?). Then, we have :

(i) For Wasserstein distance :
2 2 =il
dw(F,N) < \/E]E [|o* - (DF,-DL~'F)_ ] .
(ii) For total variation distance :

drv(F,N) < %E [|o? = (DF,-DL™'F), |] .

(iii) For Kolmogorov distance :

dkor(F, N) < (%IE [|0? = (DF,-DL'F)_ |] .
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Proof : The computations are likely the same as those for esti- By Stein’s equation, and by seeing that f, € C1 N Lip (U\/g)
mating the distance between centred Gaussian random variables.

A. First, let us do it for o = 1. This is just application of what if h € Lip(c) (we proved it for o = 1, we conclude by scaling), we

we just saw. Indeed, by Stein's bound, we have : finally have :
dw(F,N) < sup |E[f'(F) - Ff(F)]|, .
F
ferw awrn< s e[ (D)= 2r(2)]].
where Fyy is the set of C'! functions being \/§—Lipschitz. Hence, o g 4
. S g feclnLip a\/E
by the previous proposition : 7r
2
dw(F,N) < fE Hl - <DF, —DL_1F> H . We are exactly in the case A., so :
T H
Same argument for dpy (where f is 2-Lipschitz) and for dkol
(where f is 1-Lipschitz).
B. We can prove one by one our inequalities for general o > 0. 2 1 1
i. By definition : dw(F,N)<o ;]E 1- = <DF, —-DL F>H .

dw(F,N)= sup [E[R(F)] - E[R(N)]]. . ) o
heLip(1) ii. The computations are the same, and even are easier since

B —— oB is a bijection between B(R) and itself. So, we have di-

We would use the Stein's equation and the previous proposition,
but we need to have random variables with variance equal to 1. To rectly
do this, we just need to use the bijection h — h(o-) between Lip(1)

and Lip(o) : F N
S drv(F,N) =drv (;7;>7
F N
dw (F,N) = hesl.lilgzo) E |:h (;)} -k [h (;)} ‘ : and we conclude by using A.. Same for dg,. O

I1.2 A first estimation on Wiener chaos

Before starting, remind the Prohorov theorem, stated as a lemma here.

[ Lemma I1.2 : Prohorov theorem ]

Let (P,),, a sequence of probabilities on R%. We suppose that (P,,),, is uniformly tight :

Ve > 0,3K C R? compact,Vn € N,P,(K) >1—e.
Then (P,), admits a subsequence that converges tightly.
In other words, if a sequence of random variables is tight, it converges in law, up to a subsequence. This part

is dedicated to precise the estimations made in general in previous subsection, in the case where F' is in a Wiener
chaos. Let us begin by a theorem known as method of moments.

Theorem I11.1 : Method of moments

Let ¢ > 2, o > 0 and (F,), € ($,)Y. We suppose that
2 2
REHIE=
Then, the following assertions are equivalent :
(i) The sequence (F,,),, converges in law to N(0,0?);
(i) If N ~ N(0,02), then
Vi > 3,E[F!] —— E[N7].

n——+00

We have here a quite powerful way to determine if a sequence converges in law to a Gaussian random variable.

Proof : The hypothesis give a lot of information before starting Second, by Markov inequality, (Fy)r is tight. Indeed, let K > 0.
proving the equivalence. First, since (E[F2])», is bounded, we have by  Then :
hypercontractivity :
sup,, ey E[F7]

K2 ’
By Prohorov theorem, (F},)» admits a subsequence that converges

P(|F,| > K) <

Vn = 1, sup E [|Fr|"] < +o0.
neN
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in law.

[==] We suppose that (F,,)n converges in law to N ~ A (0, 02).
By the continuous mapping theorem, this is the case of every F}. So,
for all h : R — R continuous and bounded, we have

E [h(F])] —— E[h(N)].
n—-+oo
Let (hp)p a sequence of continuous bounded functions on R de-

fined by :

Then (hp)p converges pointwise to the identity map. We have the
following domination :

¥p € N, |hp(F})| < |Fal.
And we know by hypercontractivity that F7 € L', so we have by
dominated convergence :

E [hp(F3)] —— E[FJ].
p——+oo
By the same argument, we have
E [hp(N7)| ——— E[N].
p—+4oo

Hence, we can conclude about the expected convergence. We just
need to cut in three :

|E[NI] — E[F]| ,
< |E[NI] —Elhp(N9)]| + |E [Ap(N9)] — Elhp(F1)]|
+ |E [hp(F2)] — B[F]|.

I1.3 Fourth moment theorem

For p big enough, the previous dominated convergences shows
that the first and last terms are as small as we want. The middle term
is also small as we want for n big enough by the convergence in law.
We conclude in our first implication.

[<=] By our remark in the beginning of the proof, there exists a
subsequence ¢ and a random variable Y such that

law
Fytny — Y.
n—-+oo

Then, Y admits moment at every order. Indeed, if we consider
the same approximation (hp)p that previously, we have by monotone
convergence (|hp| < |hp+1]) that

E [Ihy(v)]] ———E[IvP].

But, we have |hp(z)| < |z| and using the convergence in law of
F¢(n) to Y, we have :

Vp e N,E [\h,,(yj)ﬂ < supE [\an] )
neN
So, by letting [p — +o0], we have :
E (V)] < TSLuEEIIE [1Fal?] < +oo.

So Y admits moments at every order. By dominated convergence
(same argument as previously), for all j > 2 :

——— E[YY].
n——+oo

J
E [%(n)}
By unicity of the limit, we have :
Vi € NE[Y7] =E[N].

Like we saw in Stein's lemma, it means that Y ~ A(0,02). [

We can do better that this theorem, by using Stein’s method. We will prove that the condition (ii) is equivalent
to the same condition but for only j = 4. That is the fourth moment theorem.

[ Lemma 11.3 : Product formula ]

Let H = L*(T, B, j1), with yu an atomless measure on the o-algebra B. Let p,j € N, f € L(T?), g € L2(T?*9).
For r < p, we name the r-th contraction of f and g the map f ®, g € LQ(TQ(P_T)H) defined by :

f®r g(tlv"' atpfrvsla"'

def.
) Sp+j*”‘) -

f(tlv’” ,tpf'r‘,ulf" 7“7”)
T’I‘

g(sla o 7Sp+j—7“au’la i
dp(ua) - - - dp(ur).

, Ur)

Then, we can decompose in Wiener chaos the random variable I,,(f)I,+;(g) :

5450 = > (P) (D) ipares (7 81).

r=0

Note : If f,g € L2, then f ®, g is not symmetric in general. We denote by f®,g the symmetrization of f ®, g.

The proof is the same the one for Her-
mite polynomials in the one-dimensional case. By hypercontractivity,
we know that I, (f) € Np>1 LP(P). Moreover, by the characterization
of the domain DP:2 with the series representation, we have in fact
that I,(f) € D>2, for every p € N and f € L2(TP). We have even

better : we have in fact I,(f) € D°9, for every ¢ € N*. This is a
consequence of Meyer's inequality, stating that the iterated divergence
is continuous :

6P : DFI(L2(TP)) — DF=PA,
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We admit it here. Hence, it follows that the product Ij,(f)Ip+;(9)

belongs to D>°:2. Hence, we can apply the Strook formula :
=15 (B[ ()P 1,(H) @ D5 F 1y 5(9)])
Lp(P)Ip+s(9) = Z . .
Is (E[Dg {Ip(f)Ip+i(9)}]) s=0
1 I,+i(g9) = .
p(F)1p+5(9) Z s! The computation of the expectation is really the same as the case
*=0 of Hermite polynomials, in section |. We refer to this to conclude the
We apply the Leibniz rule : proof of this lemma.

Remember that in the Wiener case, for F' = I,(f), we have :

(DF,-DL™'F),, .

Here is why we want to show the following inequality.

[ Lemma 11.4 : An estimation for the variance of the derivative of an element in a chaos ]

Let ¢ > 2 and F € $,. Then

2
||DF||’H < q—1

Var <
q 3q

4 212 IDFII;
(B [F*] - 3E [F?)*) < (g — 1)Var —

The idea is to expend every term in Wiener
chaos and to compare those expansions.

We have Var HDFHH :Z r 2(g—r)) Hf®7"f||L2<T2(q )

IDF|2, = / Dy F2 dp(t). o
JT where ®,. means the symmetrization of the tensor product. We
Since F' = I,(f), we have D:F = qI,_1(f(t,-)). Hence, keep this expression aside, and we will use it later for the comparison.
Let us try to do the same kind of computations for F'4. Since
F ey LF =—qF, so

IDFI2, = ¢2 /T Ty (f(t )2 dp(t).
1
By product formula : E [Fﬂ = _EE [LF . Fﬂ .

By using L = —0D, we have

q—1 12
IDFIE = | ;r!(q ) Bt () @0 5(6,) dpte). B[] = 2B [oDF - F°].

By duality :
By linearity and continuity of I, (it is an isometry), we have )
C 3
E[F*] = qIE [(DF,DF >H] )
By chain rule, DF® = 3F2DF so :

q— 1
IDF|3, = Z ) g1-n)(f 8041 ).
r=0 3
E[F*] = 2E[F?|DF|3,] .
By indexing the sum again : q
So, to conclude, we will use the expansion in Wiener chaos of each
factor.

We have, by product formula again :

HDFH’H =q Z ) IQ(q ™) (f Or f)
q
q 2
F? = () Totqery (f @r f).
We use the relation 2; (T) e r)(f rf)
r=
qg—1 2 r Q2 So,
— 1) — !
q(r 1).(7471) = qT'(r) ,
to conclude that, we have our first expansion : 2
. [F ‘DFH Z T’ q—’/‘) Hf@rf”LZ(TQ(q_T))-
a2 =t
IDF||3, = ZT : Tl(r) Iag—r)(f ®r f). And so
r=1
We can compute its variance. Indeed, we have with the term 4 3
r=qthat E[F] ;Z w002 (1) @ = !0 1|2 g
21 _ 20 N2 £ _ 2mi @212 =t
E [HDF”H] " (aY) Hf”LQ(Tq) ¢ E[F7)". By isolating the term r = ¢, we find 3E[F2]2. Hence, we have our
Then, by independence of the I : second expression :
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E[F4] — 3E[F?]?
q—1
3 2 .
= L2 () a8 g

r=1

Now that we have the expansion of every terms present in our
expected inequality, we simply use :

the fact that r < ¢ — 1 in the expression of Var (HDFH;) to
have

Var ([DFf3,) < @ (E[F*] — 3E[F?]?).

the fact that 7 < 72 in the expansion of E[F4] — 3E[F?]? to
have :

E[FY] - 3E[F2]2 < Var (IDFJ2,)
q

This concludes the proof of this inequality.

Theorem 11.2 : Fourth moment theorem

E [Fy]
Then the following assertions are equivalent.

(i) (F.)n converges in law to N ~ N(0,0?).
(ii) The sequence (E[F2]),, converges to E[N4] :

E[Fy]

Let ¢ > 2 and (F,),, a sequence of elements of £,. We suppose that

— gl

n—

——— 30* = E[N*].

n——+00

(iii) The variance of the norm of the Malliavin derivative goes to zero :

Var (||DFn||3,¢) —0.

“+o0

Proof : [(i) == (ii)] This implication is true by the moments
method theorem, applied for j = 4.

[(ii) <= (iii)] This equivalence is true by the previous lemma.

[(iii) == (i)] Here's the interesting part. Remember that we pro-
ved that

1
E[F2]
Since Fy, € $)4, we have by integration by parts formula for the
pseudo inverse that

dicot (Fr, N) < ———=E [[E [F2] — (DFy, ~DL7'F,), [] -

21 _ _pr-1
E[F?] =E [(DF,,-DL Fn>H} .
So, we get by Cauchy-Schwarz inequality :

1
dKol(anN) < W\/Var (<DFn7_DL 1Fn>’}-[)'

But, we have in fact :

1
(DFy, —DL‘an>H = ;||DFnH3r¢.

So, we have :

1 1 9
dicol (Fs N) < oy [ Var (;HDFHHH).

So the Kolmogorov distance between (Fy), and N goes to zero,
and the density function of N is continuous. We conclude that (Fy,)n

converges in law to N. O

We can prove the implication (iii) = (i) of the theorem by using the Prohorov theorem. We already used it

for the method of moments.

Proof : We suppose that
Var (|IDF,l3,) ——o.
n—-+oo
Let us show that (F),), converges in law to AV/(0, 02).

o First, let us see that if ¢, is the characteristic function of Fj,,
then ¢, is differentiable with

e (t) =iE [FneitF"] .
By integration by parts formula for the pseudo inverse, we get :
@ (t) = 1E [ (DF,, -DL™)] .

Since Fy, € $H4, we get :

—t .
eht) = —E [e*F" [DF,13,] -

e Since E[F2] ——— 02 > 0, the sequence (F},), is tight (we

n—-+oo
just need to apply Markov's inequality). Hence, there exists a subse-
quence of (Fy )y that converges in law. To conclude, we just need to
show that every subsequence of (Fy,)n that converges in law admits
N(0,0?) as limit (hence {F,,n € N} admits one adherence value and
is relatively compact, so (Fy,)n converges). We set a random variable
Z and an increasing map ¢ : N — N such that

law
me) — Z.
n——+oo

Then, by using the same type of arguments than the one for the
moment theorem, we have E[Z2] < oo, since E[F?] goes to o2.
Hence, ¢z is C1, with Lpzz)(n) converging pointwise to ‘PIZ’ since by
continuous mapping theorem
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F elth)(n) ZeltZ
¥(n)
e |7,(6) + ton(t)| <ty Var IIDFnlly + t/E[F2] — o2
and E[Z2] < +oo (like in the moments method theorem, we ap- #n #n = q n :

proach the identity by its truncation to prove it). Moreover,

2
@;L(t) + UQtSDn(t) = tE | eitfn 7_”DFn”H + 02 ’ 2
q 7 (t) + o tpz(t) = 0.

So, since E [||DFn||3_L] = gE[F?2], we have : Since z(0) = 1, we conclude that Z ~ A(0,02). O

Since the variance goes to zero, we conclude that

Note : By the computations made on the lemma, the convergence (i) is also equivalent to :
1fn @r full 2 (raa-r) 7= 0,

where F,, = I;(fn).
We can express the same kind of theorem for a sequence in different Wiener chaos.

Corollary 11.1 : Fourth moment theorem for various chaos

Let (F,,)n € L*(P)N a sequence of random variables such that F;, € £),(,,). We suppose that
E[F] ——0”>0.
n—+oo
And we suppose that
E[Fi] —— 30™.
n——+oo

Then, (F,), converges in the Kolmogorov sens to N(0,02), so converges in law.

Proof : Once again, we simply use the lemma. Indeed, we still

have

dkor(Fn, (E[F3) - 3E[F2)?).
Kol (Fn E[Fz] 3q [Fi] - 3E[F3)°)

dicor (Fa, N < 2 [ var IDF,|13, . Since the sequence ("3—;1)” is bounded by % we get :

E[F3] /() ) :
. 47 _ 2
dKol(anN) < ﬁE[F,%]\/(E[F"] 3E[Fn] )7
By the lemma : which goes to zero when [n — +o0]. O

An application of this is the fact that we can have a second overview of the law of multiple integrals (first one
s : their laws are absolutely continuous with respect to the Lebesgue measure). They are not Gaussian for chaos
with order greater than 2.

Corollary 1.2 : Non-Gaussian multiple integrals

Let ¢ > 2 and F € $),. We suppose that E[F?] = 6% > 0. Then E[F%] > 30%. Hence, F is not a Gaussian
random variable.

Proof : By the lemma : and almost surely so that F' = E[F| = 0 almost surely. This contra-
alg—1) dicts the fact that E[F2] > 0, so we don't have equality, and we have

E[F*] — 3E[F?]? > T\/ar (HDFH%) 2 0. E[F*] > 3E[F?]2. Since every Gaussian random variable satisfies the
Suppose that we have equality. Then DF = 0 almost everywhere equality, F' cannot be a Gaussian random variable. |

11.4 Estimation on general case : second order Poincaré inequality

We want to use the fourth moment theorem to find new conditions to assure a convergence in law to A(0,1).
We begin by a consequence of our inequalities of distance in terms of Malliavin calculus.
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Proposition 11.3 : A first condition for converging in law to a Gaussian law

Let (F,,), C D2 such that E[F,,] = 0. We suppose that

E[F)] ——d*>0.
n—+4o0o
Then, if

E[|o* = (DF,,-DL™'F,) || —— 0,

HH n—-+oo

then (F),), converges in law to A(0,0?).

The following result is the key for the condition we will derive later. It generalizes the one we saw in the
one-dimensional case. Remember that we chose H = L*(T, B, 1), with u a atomless measure.

Theorem 11.3 : Second order Poincaré inequality

Let F € D?* such that E[F] = 0 and E[F?] = 02 > 0. Then,

3 473 4
drv(FN(0,0%) < B [[D?FI|L | B{ID*F 12 s)|

where

nl=

2
dp(t)

/ f(s)D2,F du(s)
T

D2p| % sup l/
IP°Fl, Ill,=1 [T

is the operator norm of f — [ f(s)Ds o F du(s) € L?(T'). We can moreover have an estimation of it :

4 2
E [|D*F,,] <E [[D*F ©1 D*F[7u )] -

Recall that if f,g € L*(T?) :

£ ®1 gla,y) /T £ gy, 1) du).

With it, here comes the criterion we look for.

Proposition 11.4 : Convergence in law with Malliavin calculus

Let (F,), C D** such that E[F,] = 0. We suppose that :
(i) 5up51 E [IDFu[fa0r] < +o00;
2 4

(iii) E [||D Fn||°p] ——0.

Then (F,),, converges in law (and in total variation distance) to N (0, 0?).

Note : To prove (iii), it is enough to prove that

— 0.

E [||D2Fn @1 D2Fn||iQ(T2)] n—+o0

Proof : Let us note 02 = E[F2]. Then :
drv (Fn, N'(0,0%))

2 2 i I
v (B NO ) < SEXEZ"GYJS;,‘W&,Oa). < %E{HDQFnij}4E[||D2Fn|{iz(T2)]4

+ 2|02—02L\
By Poincaré’s inequality, and by the estimation of the total varia- max{o3,02}"
tion for Gaussian random variables, we have Hence, the total variation goes to zero, so as the Kolmogorov dis-
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tance. Since the law A/(0,02) has a continuous density, we conclude that (F,)» converges in law to N (0, 02). O

IIT Multivariate Stein’s lemma and multivariate estimations
Here, we will generalize all the concepts we saw in previous section in multidimensional case. We will be quick

on the proofs, the ideas are the same, it is simply the popping up of the differential calculus that will make the
difference between the previous section and this one. The song remains the same.

III.1 Multidimensional Stein’s lemma, Stein’s equation, Stein’s bound

[ Lemma Ill.1 : Multidimensional Stein’s lemma ]

Let N = (Ny,---,Ng) a random vector, C' € S;F (R). The following are equivalent :
i. The random vector N follows Ny (0,C);

ii. Forall f:RY — R C2,
E[(N, VF(N)] =E[Tr (C Hf(N))],

where Hf (z) is the Hessian matrix of f taken in x € R%.

We can prove it by the same way than the one dimensional case. We could use the partial differential equation
satisfied by the characteristic function of a N(0,C) :

V(t) = ¢(t)Ct.
Or use the fact that the A(0, C) is uniquely known by knowing the joint moments. In the following, we consider
the Hilbert-Schmidt norm :

VA, B € My(R), (A, B)us < Tr (‘AB).

Definition I11.1

Let C € SH(R), N ~ Ny(0,C) and h : RY — R such that E[|h(N)|] < +oc. We call Stein’s equation the
partial differential equation

o\

Tr(C Hf(z)) — (, Vf(z)) = h(z) — E[R(N)],

where f € C2(R? R) is the unknown.

Proposition 111.1 : A solution in the Lipschitz case ™

Let C € S (R), N ~ Ny(0,C) and h : R? — R being K-Lipschitz. Then

a1
fn(z) é/ E[h(N)—h(e_tx—i- l—e—QtN)} dt
0
is a solution of the Stein's equation. Moreover, f;, satisfies

sup |[Hf(2)[lus < VAH|CTY|_lIC12

op?
TR

where for all A € M4(R) :

[Allop = sup [l Az]].
e =1
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Proposition 111.2 : Estimation of the Wasserstein distance N

Let F € L? a random vector. Then, if N ~ N(0,C) :

dw(F,N) < sup [E[Te(C Hf(F)) — (F, Vf(F))]I,
fEFE(C)

where

F(©) 2 {1 € R R), s 850l < VaHT|O 0N ).

zER4

I1I1.2 Estimations on general case with Malliavin calculus

Here’s the start of game for multi-dimensional case.

Proposition 111.3 : Start of the multi dimensional game. ™

Let F = (Fy,---,F,) a random vector with entries taking values in DY*. Then for all 4,5 € [1,d],
(DFj,—~DL™'F;), € L*(P). Moreover, for all C € S (R) :

d
dw(F,N(0,C)) < Va|[C7Y,ICN&, | 3 E[(Cig — (D, ~DL-1E),,)°).

i,j=1

This proposition gives a first criterion, which looks like the one we derived at the end of the previous section.

Proposition 111.4 : A criterion for convergence in law with multi dimensional Malliavin calculus

Let (F),),, a sequence of centered random vectors such that for every i € [1,d], F,(i) € D*%. Let C € SJ (R).
If we suppose :

(i) For all 4,5 € [1,d],

n—-+oo
(ii) For all i € [1,d] :

supE [||DFH(¢)||;} < too.
neN

(i) For all i € [1,d] :

E [||D2Fn(i) ®1 D2Fn(i)||7-¢®2] 0.

n—-+oo

Then (F,,), converges in law to N(0, C).

I11.3 Estimations on Wiener chaos

Until now, besides the differential calculus, we did not learn something new about estimations here. We will
explain here the new things we have for random vectors with entries in a Wiener chaos.

Theorem I11.1 : Convergence in law in Wiener chaos

Letd > 1, ¢1,---,q¢ = 1 and F = (F(1),--- ,F(d)) € $¢, X --- X Hg, a centered random vector. Let
C = (E[F;Fj))i; € Sa(R). If we suppose that C € S;T(R), then there exists a map ¢ : R? x R? — R
depending only on the sequence (g;); such that
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"7[}(1'7 y) — Oa

z—0

and if we set

E [F(1)4] - 3E [F(1)2]°

E [F(d)*] _sE [F(@)?]?) \E [F(d)?]
then

dw(F, N) < V|||, IC1Zm(F).

Note that the constant m(F') only depends on the vector F', and not on C. We can give an explicit expression
for ¢, we could deduce it by expending in Wiener chaos the powers of each component of F'.

Corollary I11.1 : Joint convergence in law ~
Let F, = (F,(1), -, F,(d)) € $g, X -+ X Hg, a sequence of centered random vectors such that there exists
a2, .- ,03 > 0 satisfying :

Vi € [1,d], F, (i) —>'ai N(0,02)
n—-+0o0
Then there exists a matrix C' € S;7T(R) such that

E, —>N(O ).

n—-+o0o

In other words, the convergence in law component by component to some Gaussian variables is equivalent in
Wiener chaos to the convergence in law of the global vector to some Gaussian vector.

Moreover, the entries of C' are given by the limit of E[F,,(¢)F,(j)]. The next subsection is about a consequence
of this strong fact (indeed, in general, converging component by component does not give the convergence of the

vector).

II1.4 A way to prove central limit theorems

Theorem 111.2 : An access to central limit theorem

>

) a sequence of square integrable centered random variables, having its Wiener chaos decomposition :

Let (F))n
+oo
Fn = Zlq(fq7n)~
q=1

We suppose :
a. For all ¢ > 1, there exists a > 0 such that

Q|| fn, q”H@q T U

b. The series ) o3 is convergent. We note o its sum.

c. Forallg>2andre|l,g—1]:

| fr,q ®r fn q||7.[®(2<q ) Tm) 0.

d. We have
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lim
N—+o00 n>1

Then, we have

F, —2 5 N(0,0?).

n—-+oo

+oo
2
sup Z q!“fn,q”H@q
qg=N+1

Let us prove this theorem, which is more useful than it

could look like, in the sense that the hypothesis are not

so hard that we could think. Indeed, this theorem is the heart of the theorem we present in the following and last

section.

Proof : Let X ~ N(0,02). Let us prove the convergence by using
the characteristic function. The idea is to consider the truncated sum
in the decomposition of Fy, is Wiener chaos, proving that the rest will
be sufficiently close to zero in order to prevent the convergence in law
to N. We consider for N € N* :

N N
Z JqbFn = Z Iq(fn,q),
q=1 q=1

and Xy ~ N (07 Zl]]\;l aé). Let ¢ > 0. We cut in three the

difference of the characteristic function :

def.
Fn,N =

E [eitFn] — R [eitX

< E leitFn| — | eitFn‘N”
+ |E[eitFrn] — K eitXN”
+ E eitXN] _E [eitX] | .

We denote the sum as (A) + (B) + (C).
A. By factorizing and using |eia — 1} < |a, we have :

(A) <t E [|Fn — Fun|] -
By Cauchy-Schwarz inequality :
1
2

2
(A < 1t & [ — B[]
Hence, we have by computing this expectation :

—+o0o 2

2
> allfuale

g=N+1

(A) <t

Hence, by making appear the hypothesis d. :

[N

+oo
(A) <[t] | sup E !l frall3@0
neN
q=N+1

Since this bound is independent of n, we conclude that

1
—+o0 2

2
D dlifnallie

g=N+1

This goes to zero when [N — +o00] by hypothesis d.. We set N
big enough (let us say N > N1) such that (A) < §.

B. We apply the fourth moment theorem and then the corollary
about joint convergence in Wiener chaos. Let g € [1, N]. The se-
quence (I4(fn,q))n>1 belongs to the g-th chaos £, and satisfies the
two following convergence :

sup (A) < [t| | sup
neN neN

—— 02,
n——+oo

E [I4(fn.q)?]
by hypothesis a., and by c. :

— 0.
| fr,q ®r Irallyeq ot

This gives that Var (HDIq(fn,q)H?_[) goes to zero when [n —
~+0o0]. Hence, by fourth moment theorem, we have :

Va € [, N, Ig(fn.q) ——— N1(0,03).

But, since Iq(fn,q) belongs to a set chaos, by the equivalence
between convergence component by component and convergence of
the vector to a Gaussian law, we have the existence of C' € ST (R)
such that

(L) IN () =2 N (0,0).

The entries of C' is given by the limit of the covariances of each
term. Since two variables in two different chaos have a zero covariance,
we conclude that C' is the diagonal matrix whose entries are the a?.
By the continuous mapping theorem, we conclude that

N N
law 2
qu(fq,n) m/\/ O,Zaq
q=1 g=1
Hence,
E [eitFn,N _ eitXN] 07

n—-+4oo

meaning that for n large enough, let us say bigger than a rank
n1, (B) < §.

C. This is in fact the easiest term to treat since this is the diffe-
rence between two centered Gaussian random variable. We have

42 N 2 2 Rl
== —t
(©=e L1 |1 o [ 22 >
g=N+1

By using the fact that e™ < 1 when v > 0 and 1 — e” < z for
z € R, we have :

+oo
2 5
©<3 Z o2,
qg=N+1

By the hypothesis b., this is the reminder of a convergent series.
Hence, since the right hand side is independent of n, we conclude that
for N big enough, let us say N > Na, we have (C) < %

CCL. We set N > max{N1, N2}. Then, we proved that there
exists a rank nj such that for every n > nj :

ler, () —ex ()| <e.

This means by Paul Lévy's theorem that (F), ), converges in law
to N(0,02). O
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The unfortunate fact here is that we don’t have a speed of convergence.

IV  Breuer-Major theorem

We will derive a powerful way to prove central limit theorems for a Gaussian stationary process just by knowing
its covariance function. We need to introduce a notation before going in.

Definition I1V.1

Let f € L2(y), where v is the standard Gaussian measure on R, and L3(v) is the subset of f € L?(v) such
that [, f dy = 0. We call Hermite rank of f by :

o

Hermite rank of f = inf {d € N*,/Rf(x)Hd(x) dvy(z) = 0} .

If f=0, we set it equal to 0.

In other words, the Hermite rank is the first non zero term in Hermite decomposition of f.

Theorem IV.1 : Breuer-Major theorem

Let (X,,)nez a centered stationary Gaussian sequence, with covariance function p, such that E[XZ] = 1. Let
f € L&(v) and we denote by d its Hermite rank. Then, if we suppose that

S lpm] < +oc,

VEZ
then
LS () 25 M (0,07)
Vi e TR
where

> o),

+oo
0% = E q!ag
q=d vEZL

and ag = (f, Hy) 12 (+)-

Note : The convergence of the series defining o is assured by the integrability condition on p.
Note : By taking p = 10y, we deal with the first central limit theorem, with the hypothesis of independence

and distribution.

[ Lemma IV.1 : Existence of a Hilbert space where we can do Malliavin calculus ]

Let (X, )nez a centered stationary Gaussian sequence with covariance function p. Then, there exists a real
separable Hilbert space , a family (e )rez of elements of 7 and an isonormal Gaussian process X such that :

1. The Hilbert space H is generated by (ex)rez ;
2. Forall ke Z, Xy = X(Sk);
3. Forall k,i € Z: p(k —1) = (e, e1)n.-

for all k € Z and for all |k| > n+ 1, hy = 0. Then £2 is in bijection
with Q2"+ so is countable. So is UnEN 89. But, £ is included in
this set. By taking the closure, we conclude that # is the closure of a
countable set, so H is indeed separable.

We set (ex)k as

Let £ C RZ the set of almost null
sequences. We consider for all h,g € £ :

def.
(hyg)u = Z grhup(k —1).
k,lEZ
We define H as the closure of £ for this norm. H is real sepa-

rable Hilbert space. For the separability, we consider Sg C H the set
of almost null sequences such that for every h € £, we have hy € Q

def.
€ = 1{k}
Then, since £ is the algebraic span of the (¢ ), we conclude that
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H is the (Hilbert) span of it. So, we get (i). Moreover, we have indeed
by definition that

(ekre)m = p(k —1).
We define for all h = Zz’EZ hie; € E :

X(h) < Z hi X,
1EZL
Note that this is well defined since the sum is finite. Then, we can
already observe that X is an isometry on & :

[X(1)?) =) hihEIXiX,).
i,jEL
By definition of the covariance function, since the process is sta-
tionary :

E[X(h)?) = Y _ hihyp(i - §) = |hl3,.
i,jEZL
We extend X on # by taking the L2-limit of (X (hx))n, where
(hn)n C & is a sequence converging to h.
This limit exists since the sequence (X (hy))n is a Cauchy se-
quence by isometry property : for all n,p € N :

Let us begin the proof of the Breuer-Major theorem.

Proof : The plan is quite straightforward, but the computations
are very technical. We set the Hilbert space H as in the previous
lemma, and note

Sn( def fo Xk)

1. We decompose Si,(f) in Wiener chaos.

2. We check every point of the theorem about convergence in law
in Wiener chaos explained in previous section.

Let us begin.

1. Since f € L2(vy), we can expend it in L?(7) in the Hermite
basis :

—+o0
f= Z aqHy.
q=d
Hence, in L?(P) :

n —+4oo

1
Sn(f) = ﬁ Zzaqu(Xk)-
k=1 q=d
Hence, we have :
+oo a
Sn(f :Z —= ZHq Xk)
q= d

Since %Z:zl Hy(Xy) € $q, we have our decomposition in
Sn(f) =

Wiener chaos. We can write it with multiple integrals :

Z Iq fn,q), with :

def. Qq

n
et ®q
= — E €
fn,q \/ﬁ k0
k=1

where (g1, is given by the previous lemma. In particular, fr,q =0

forqg <d-—1.
2. We check one by one every hypothesis of the theorem.
a. Let us show that

Vg > 1uq!||fn,qu®q 0.
n—-+oo

E [‘X(hn+p) - X(hn)|2] = ||hn+p - hn”?{

Let us prove that it does not depend on the choice of the
sequence. Let (hn)n and (gn)n two sequences of £ such that both
converge to h for {-,-)3; and such that there exists H, G € L?(PP) such
that (X (hn))n converges to H in L2(P) and (X (gn))n to G. Let us
show that H = G. To do that, we simply use the isometry property :

E [|IX (hn) = X(90)%] = lln — gnll, —— 0.
n—-+oo

Hence H = G, so X is well-defined on H.

Let us finally prove that X is an isonormal Gaussian process.
We already have the isometry property, and the linearity. We just need
to check that X (h) ~ N (0, HhHiL) Itis true for h € &, since X (h) is
in this case linear combination of (X} ) which is a Gaussian process.
But, by using for instance the estimation in Kolmogorov distance bet-
ween two centered Gaussian random variables, we can conclude that
if (02)n converges to o2 then NV(0,02) converges in Kolmogorov dis-
tance to N(0,02). It means that X (h) ~ N (07 ||h||$_t) Hence, X is
indeed an isonormal Gaussian process.

We simply compute this norm by expending it, and expanding in
product the inner product of tensorized functions.

2 n
4q q
— E €k, EL)a, -
n < k l)'H
k,l=1
By definition of (ex)y :
2 ag En:
q
Hme||H®q = n p(k =17
k=1

Then, by changing variables and switching (finite) sums, we have :

2
a
q
= — DU, n] Nl +1,1 .
- E p(MU[Ln] N[+ 1,1+ n]
ez
This cardinal can be computed if [ < 0 or [ > 0. We have :

2
Hf"#l”;.y@q

2 n—1
a
Ifnalfes = -2 Zp(l)quuz+ 1.
2 - —
%q Y941 1
o Z )74l n+ 11
—(n—
So :
2
1fnaldea = = Z H(n —1).
2 - —
+ ;‘1 Z Un +1).
—(n—1)
In other words :
2
2
1fnallea = ;q Z (n — [1]).
—(n
We write as :
I fnall30a = a Z p(1)? ( I) {<ny-

leZ
But, we have the domination :
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q

)

)P(l) (1 - u) 11<ny| <

lp(1)

which is the general term of a convergent series. Hence, by domi-

nated convergence, we conclude that

2 22 : )a def. 2
q!an,q”H@q m q!aq p(1) Oq-

lez

+oo o
=d 4

b. Let us prove that 4= < +o00. To do that, we observe
first that since p(0) = 1, we have by Cauchy-Schwarz inequality :

Vo € 7, |o(0)] < (BIXBIEIX2])? = p(0) = 1.

So, we have

—+o0
IS S S
q=d leZ
def. -
So, 02 = 0 52 is finite.
q=d 4
c. Let us prove that for all ¢ > d and r € [1,q — 1] :

1fn,qg ®r fr.qllyec@-r) —— 0.
n—-+oo

o First, let us give an expression for this contraction. We have :

2 n n
a
fra®r fna = (S£) (Do) o | 2o

k=1 =1
We expend, knowing that :

q® E®q <8k’8l>L2(T) k( T)®E (¢— T)

So, we get :

Froa ®r frng = (%)2 Zn: p(k

We can compute the norm of it. We call

2
(A) = |Ifn,qg ®r frgllyee@—r)-
Then, by expanding, we get :

(A) = —ZZ pli 1)

kyi=11,7=1
, <€I§(q—r> B2 B g El@(q—r)>

By the definition of the inner product on a tensor product, we

have

(A) = Z—%ZZ pli— D)7

k,i=11,j=1
(er>ea)iy " (egre)y, -
And by definition of (ex ), we get :

(A) = %ZZ pli=1)

k,¢i=11,7=1
plk — )77 pll — )77
But,

lp(k =) "p(k = 5)"| < [p(k = I + [p(k —9)[*.

Hence, we have :

_ l)r&.];@(Q*T) ® al@@(Q*T).

H®2(a—))

a/4 n n
W< SIS el = D7lti ~ DI e~ )T

kyi=11,j=1
4 n

+ % DN letk =)ol — I lp( — )17

k,i=11,5=1

By isolating the sum in k, we get :

4 n
2N le®)IT > el = DI lp = 17

k€EZ i,4,0=1
By writing :
n
D o= 0l lpt = |7
0,5,l=1
n n n
= D D=0 | G-l ) B,
=1 =1 j=1

we can have a nice estimation, using the fact that |i — | < n and
71l <n:

2a
A<D RO T
)< — lp(K)] 120] lp()
kez lil<n lil<n
We finally write it as :

(A) < 208 [ D lo(k)|?
kEZL
Z lp()]"

\ |<n

e D0l

q
[7l<n

e So, to conclude in our convergence in zero, it is enough to check
that for all r € [1,¢ — 1] :

= D el —
n—-+4oo

* Jil<n
To do this, we introduce a parameter ¢ €]0, 1], and cut the sum

2= 2+ )

[il<n[jI<on]  [on]<|il<n

as :

Let e > 0.
- For the first sum, we apply Jensen's inequality for x —— =
knowmg that there is 2|dn] + 1 :

g
T

B Y o< (EY TS o

™ i< Lon) ljl<Lon]

We write it as, by Jensen inequality :

DN

a .
N2

(a5
24

So, there exists dp € (0,1) and N1 € N such that for every § < do

and n > N7 :
1 .
- § lp()I" <
q
T si<Len)

<

) > el

JEL

N ™
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> For the second, we use Jensen inequality again, but with Since this property is in fact independent of §, we conclude in the
n—|én|+1: expected convergence to zero. So is || fn,q ®r fn,q”;@(g(q,r)).

d. Let us finally show that
1 .
——z Z lp(5)I

—+oo
no q ' lim sup E Q| fn, H2 =0.
lon]<|jl<n N—>+00n>1 n,q 1134 ®q
g=N+1

QI3

< (w T Z lp()]4 . To do that, we use the first expended expression of || fn,q||? deri-
n / ved in a.. Let N € N. We call
Lon]<ljl<n
So : def. =
B)Z D dlfnalleo
1 g=N+1
-z Z lp(i)I" Then the expansion gives

q
Lon]<ljl<n

) +oo a2q! n
< (D) Y o ®)= > =5 ekt

Q3

g=N+1 k=1
Lon]<lil<n By isolating one of the sum, we can conclude to :
And since § €]0,1] : 4o
B)< Y aZat> ok
q g=N+1 kezZ
% Z lo(h)|" < 27 a Z loH1T . This estimation is independent of n, so the supremum is also
no 4 Lon]<|j]<n Lon]<|jl<n bounded by this term. The sum in ¢ is going to zero since the sum of

it is ||f||2L2(7)' Hence, we have
Since Zjez |p(5)]|? < oo, there exists a rank N2 € N such that

“+ o0
z Nlirﬁm i;li !l fr.qll5,0q =0
270 DT e <= S
) 2 CCL. We proved the four points of the theorem to conclude that
Lon)<ldl we have
> In conclusion, for all § €]0, o[ and n > max{N1, N2}, we have
. | Sn(f) " N(0,0?),

= Z lp()" <e. -
no9<n where 02 = q:dq!|aq|2 Zzgz'p(l)‘q' O

To improve this theorem, we could wonder how to get a speed of convergence, for the Wasserstein distance for
instance, like we get in the central limit theorem by Berry-Esséen. Remember that to have it for the CLT, we had
to suppose that the variables have a moment with order 3. Here, it is possible that we need to have less smooth
hypothesis that the one we have here. The Stein’s method gives here a positive answer to this : for quite stronger
hypothesis, it is indeed possible to have a rate of convergence, and better, we can even find the optimal one.
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